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Foreword 
 
 

Due to the positive properties of High Strength/High Performance Concrete (HSC/HPC) 
and to its growing use in the practice of construction, this type of concrete remains the object 
of great interest and extensive research. In this context, the aim of the fib Task Group 8.2 was 
to collect and evaluate the available information on the material behaviour of HSC/HPC and 
to develop a set of code-type constitutive relations as an extension of CEB-FIP Model Code 
1990.  

For this purpose, a review of the literature on experimental data for concretes with 
compressive cylinder strengths up to approximately 150 MPa was carried out. International 
guidelines, standards and recommendations were also examined, and the already-existing 
constitutive relations and models were evaluated. In addition to a number of the material laws 
chosen and adjusted for this report, a few new constitutive relations were developed based on 
the collected data. The requirements for the choice of the existing relations as well as the 
development of new constitutive relations involved their simplicity and operationality (code-
type mathematical formulations). Furthermore, they should be physically sound and possibly 
describe the behaviour of both high-performance and normal strength concretes by a unique 
relation. Finally, the compliance with the features of the relationships given in the CEB-FIP 
Model Code 1990 was examined. 

This state-of-the-art report is written for engineers and represents a summary of the 
relevant knowledge available to and possessed by the members of the Task Group. Individual 
chapters and subchapters of this report were drafted by members of the Task Group and 
subsequently discussed, accomplished and approved by the group. I would like to thank all 
the members of the Task Group who actively contributed to this report for a fruitful and 
harmonious collaboration. In particular, I would like to express my warm gratitude to the 
secretary of TG 8.2, Prof. Mechtcherine, who, apart from his own contributions, realised most 
of the editorial work concerning this report.   
 
 
 
Prof. Harald S. Müller 
Convener of Task Group 8.2 
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1 Definitions and classification 
 
1.1 Range of applicability 
 

HSC/HPC is basically constituted of the same materials as normal strength, normal weight 
concretes (NSC). This means that methods and techniques used to increase strength are the 
same as for NSC and consequently the influence on other material properties follows the 
same pattern as known for normal strength concrete. Considering the constituent materials of 
HSC/HPC the definitions, requirements and recommendations given in the CEB-FIP Model 
Code 1990 (including appendices) remain valid. The range of applicability of the constitutive 
relations presented in this report is confined up to the concrete grade C120 if there is no 
different limitation mentioned. 
 
1.2 Classification by strength – concrete grades 
 

Research on HPC has been performed on concrete with compressive cylinder strengths up 
to approximately 150 MPa. The results are considered sufficient for suggesting rules valid for 
concrete grades up to C120, referred to cylinder strength. Hence, in addition to the CEB-FIP 
Model Code 1990 which considers grades from C12 to C80, further concrete grades (C90, 
C100, C110 and C120) are covered in this report, see Table 3-1. 
 
 
 
2 Density 
 

HSC/HPC contains more cement and less water than NSC does. This constitutes a density 
increase which may reach 150 kg/m3, see Table 2-1. Also, HSC/HPC structures may contain 
more reinforcement than NSC structures. The related values may vary within relatively wide 
limits depending on mix composition and density of part materials (both may vary between 
countries), reinforcement ratio and air content. When density is an important design 
parameter, it is recommended that the density values to be used in design calculations should 
be pre-calculated on the basis of actual input data. If not, the following values may be used 
for interpolation, assuming 2 % air content (a change of air content by 1 % gives a density 
change of 1 %): 
 
 
Reinforcement 
ratio C30 (w/b ≈  0.65) C80 (w/b ≈  0.35) C120 (w/b ≈  0.25) 

0.0 % 2350 2450 2500 

1.0 % 2400 2500 2550 

2.0 % 2450 2550 2600 
 

Table 2-1: Density of normal strength and high-strength concrete 
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3 Strength 
 
3.1 Range of applicability 

 
Concerning the mechanical behaviour of concrete addressed in this chapter the same 

range of applicability as defined in CEB-FIP Model Code 1990 is proposed. Thus, the 
information given in this section is valid for monotonically increasing compressive stresses 
or strains at a rate of σ̇  ~ l.0 MPa/s or ε̇ ~ 30 ⋅ 10-6 s-1, respectively. For tensile stresses or 
strains it is valid for σ̇  ~ 0.l MPa/s or ε̇ ~ 3.3 ⋅ 10-6 s-1, respectively.  
 
 
3.2. Compressive strength 
 
3.2.1 Parameters affecting compressive strength 

 
As a first approximation, the compressive strength of concrete is proportional to that of 

the hydrated cement paste. Thus, concrete strength depends primarily on the water/cement or 
water/binder ratio, on the degree of hydration, i.e. on concrete age and curing as well as on 
type and strength class of cement. In the case of high strength concrete the type and amount 
of additions and in some cases the type of admixtures has a pronounced effect on the 
compressive strength and its development with time. Furthermore, the significance of the 
strength and stiffness of the aggregates increases with increasing strength of concrete.  

The curing conditions are important not only concerning the hydration process but also 
with regard to other phenomena affecting the compressive strength. Tensile stresses in 
concrete near the surfaces of specimens and eventually a formation of microcracks due to 
drying shrinkage has a minor effect on the compressive strength, since they are “pressed 
over” during the test. However, in the case of curing in water a reduction of the compressive 
strength can be observed in comparison to the tests on sealed or dry specimens [Popovics 
1986], which can probably be tracked back to a reduction of the bonding energy within the 
hydrated cement paste due to the water saturation [Setzer (1977)]. For high strength concrete, 
however, the effect of water curing on the compressive strength is less pronounced in 
comparison to normal strength concrete [Reinhardt and Hilsdorf (2001)]. 

In addition, effects of testing such as size and shape of a specimen have to be taken into 
account in order to insure the comparability of the results. It is well known for normal 
strength concrete, that for a given concrete composition and defined testing procedure the 
compressive strength measured on specimens with a constant slenderness decrease with 
increasing specimen size. This tendency holds true also for high strength concrete. E.g. 
according to Cook (1989) an approx. 4 % lower compressive strength was measured on 
cylinders, 150 mm in diameter and 300 mm in height, in comparison to the tests on cylinders 
with a diameter of 100 mm and a height of 200 mm.  

Two opposed phenomena are of significance concerning the influence of the concrete 
composition on the size effect in compression. On the one hand, usually high strength 
concrete possesses – due to smaller differences in the properties of its constituents – a more 
homogeneous structure. After the Weibull theory it might lead to a less pronounced size effect 
in comparison to normal strength concrete, which shows a higher degree of the heterogeneity. 
On the other hand, with increasing strength concrete becomes more brittle. The increased 
brittleness of concrete leads to a more pronounced size effect, which can be explained on the 
basis of fracture mechanics. 
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4 3  Strength 

Further, the compressive strength measured on specimens with an equal cross-section 
decrease with increasing slenderness. Here, the same phenomena are to consider as described 
above for the case of the size effect. 

Another parameter affecting the compressive strength is the material of forms. Imam et al. 
(1995) reported about a decrease of the compressive strength of high strength concrete up to 
10 % when plastic forms were used for cubes instead of metal forms. In [Carrasguillo (1981)] 
a decrease of the fc-values by 3 % was observed due to the use of plastic forms for cylinders. 
 
3.2.2 Determination of the compressive strength 
 

Equivalent to the prescriptions of the CEB-FIP Model Code 1990 this document is based 
on the uniaxial compressive strength fc of cylinders, 150 mm in diameter and 300 mm in 
height, and tested at the age of 28 days in accordance with ISO 1920, ISO 2736/2 and ISO 4012 
or EN 12390-1, EN 12390-2 and EN 12390-3. For curing the cylinders have to be stored in 
water at 20 ± 2 °C or alternatively in a fog room at 20 ± 2 °C and a relative humidity ≥  95 %. 

The characteristic compressive strength fck (MPa) is defined as that strength below which 
5 % of all possible strength measurements for the specified concrete may be expected to fall. 

For some verifications in design or for an estimate of other concrete properties it is 
necessary to refer to a mean value of compressive strength fcm associated with a specific 
characteristic compressive strength fck. In this case fcm may be estimated from Eq. 3-1: 

 
fcm = fck + ∆ f (3-1) 

where: ∆ f = 8 MPa. 
 
For special requirements or in national codes test specimens other than cylinders 150/300 

mm and stored in other environments may be used to specify the concrete compressive 
strength. In such cases conversion factors should either be determined experimentally or 
taken from national codes for a given category of testing equipment. 

In the case when concrete cubes 150/150/150 mm are used, the characteristic strength 
values given in Table 3-1 shall be obtained for the various concrete grades. 

 
Concrete grade  C12 C20 C30 C40 C50 C60 C70 C80 C90 C100 C110 C120

fck (MPa) 12 20 30 40 50 60 70 80 90 100 110 120
fck,cube (MPa) 15 25 37 50 60 75 85 95 105 115 130 140

 
Table 3-1: Characteristic strength values 

 
 

According to Ipatti (1992) and Held (1994) the following formula may be used for the 
compilation of the results obtained from the tests on cubes with different sizes for all strength 
classes of concrete: 
 

fc,cube200 = 0.95·fc,cube150 = 0.92·fc,cube100 (3-2) 
 

Some national codes prescribe different kinds of curing as defined in EN 12390-2. E.g. in 
the German Code DIN 1048-5 (1991) after one week of curing in water the specimens are 
stored at a temperature of approx. 20 °C in a dry environment (RH of approx. 50 % to 65 %). 
According to Reinhardt and Hilsdorf (2001) for normal strength concrete this kind of storing 
provides values of compressive strength, which are approx. 8 % higher in comparison with 
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values obtained on specimens cured in water until testing. For high strength concrete this 
difference is about 5 %.  

 
3.3 Tensile strength and fracture properties 
 
3.3.1 Tensile strength 
 
3.3.1.1 Parameters affecting tensile strength 
 

The tensile strength of concrete primarily depends on those parameters which also 
influence the compressive strength of concrete. However, tensile and compressive strength 
are not proportional to each other, and particularly for higher strength grades an increase of 
the compressive strength leads only to a small increase of the tensile strength. One of the 
reasons for this phenomenon results from the increasing brittleness of the cement paste with 
increasing strength. Due to a finer and denser pore structure of high strength concrete 
compared to ordinary concrete the crack propagation in the cement paste is less hindered by 
voids [Remmel (1994)].  

Internal stresses e.g. due to drying shrinkage which frequently lead to microcracks prior to 
loading are of particular significance for the tensile strength of concrete. As a consequence, 
the tensile strength may decrease for some time after the end of the curing period until it 
continues to increase again. The extent to which internal stresses lead to a reduction of the 
tensile strength depends on the particular test method. For high strength concrete the decrease 
of the tensile strength due to shrinkage cracks seems to be more pronounced than for normal 
strength concrete, despite of its denser microstructure [Carrasquillo et al. (1981)]. This effect 
may be traced back to additional internal stresses induced by autogenous shrinkage which 
develops very pronouncedly in concretes having a low water-cement ratio. Water storage 
before testing also leads to a reduction of the tensile strength of concrete compared to the 
tensile strength determined both on dry or sealed specimens. It has been hypothesized that the 
strength reduction observed in water saturated concrete is due to a reduction of the bonding 
energy within the hydrated cement paste [Setzer (1977)] and due to a “smearing” effect of the 
water [Remmel (1994)]. 

When the strength of the cement mortar matrix increases, an increasing influence of the type 
of coarse aggregates on the tensile strength of concrete can be observed, whereas the 
compressive strength is obviously less affected by the aggregate type [Giaccio et al. (1993)]. 
The reduction of the water-cement ratio and especially the use of silica fume lead to the 
formation of a significantly denser and stronger interface zone and consequently improve the 
bond strength between the aggregates and the hardened cement paste. The quality of this bond 
depends also on the shape, size, surface condition and the mineralogical character of the 
aggregates [Hansen et al. (1996)]. Depending on the chemical nature of the aggregates, some 
pozzolanic reactions may lead to an improved bond strength between the aggregates and the 
cement paste and thus to an increased tensile strength [Skalny (1989)]. As the bond strength 
increases, a transition from an interfacial fracture, i.e. failure of aggregate-cement paste bond, 
to a trans-aggregate fracture gradually takes place. Hence, high strength concretes with more 
heterogeneous aggregates like e.g. granite show lower values of the ratio of the tensile strength 
to the compressive strength than concretes containing more or less homogeneous coarse 
aggregates.  

The tensile strength strongly depends on the particular test method employed. In this 
context the tensile strength generally is more size dependent than the compressive strength. 
However, the size effect becomes less pronounced as the strength of concrete increases [Rossi 
et al. (1994)].  
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6 3  Strength 

3.3.1.2 Effect of the test methods on the obtained tensile strength 
 

The axial tensile strength of concrete is the most objective material parameter to describe 
the behaviour of concrete in tension. However, the particular experimental set-up used for 
uniaxial tension tests exerts a significant effect on the determined material parameters. Recent 
experimental and numerical investigations showed that the tensile test on unnotched 
specimens with non-rotatable boundaries is the most reliable method to determine tensile 
strength of concrete [Mechtcherine and Müller (1998)]. This holds particularly true for high 
strength concrete. 

For high strength concrete being a rather brittle material the reduction of the tensile 
strength due to notches is more pronounced than for ordinary concrete. Figure 3-1 indicates 
the relation between the concrete compressive strength fcm measured on cylindrical specimens 
and the tensile strength of concrete fct as obtained from uniaxial tension tests on unnotched 
and notched specimens, respectively. With increasing compressive strength the increase of the 
net tensile strength measured on notched specimens is significantly smaller than that of the 
fct-values obtained from experiments on unnotched specimens. Moreover, if the compressive 
strength exceeds approx. 80 MPa the values of net tensile strength obviously stagnate on the 
same level. The best fit for the results obtained from tests on unnotched specimens is 
provided by a logarithmic equation also shown in Figure 3-1. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 3-1: Relation between the compressive strength and the axial tensile strength of concrete 
 

Although the uniaxial tensile testing is the most appropriate method to determine fracture 
properties of concrete in tension, it is used almost exclusively in research because of the 
experimental difficulties in performing such experiments. Therefore, in many instances the 
tensile splitting strength is determined. The results obtained from splitting tests depend 
mainly on the specimen shape [Hansen et al. (1996), Rocco et al. (1999a)], the specimen size 
[Bazant et al. (1991)] and the width of the bearing strips [Rocco et al. (1999b)]. However, as 
far as narrow bearing strips are applied, the effect of the specimen shape or size is not 
significant within the range of sizes of specimens usually used for testing in the laboratory 
[Rocco et al. (1999b)]. Further, the tensile splitting strength is much less sensitive to curing 
conditions, because critical stresses act at some distance from the concrete surface [Hilsdorf 
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(1995)]. For these reasons the values of tensile splitting strength scatter only little compared 
to the results obtained from other test methods. 

In Figure 3-2 experimental results from splitting tests in relation to the compressive 
strength and the function fitting best these data are presented. It may be seen that the relation 
between the tensile splitting strength and the compressive strength of concrete is very similar 
to that observed for the axial tensile strength and the compressive strength.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 3-2: Relation between the compressive strength and the tensile splitting strength of concrete 
 
 

Since splitting tests are often used as a substitute for uniaxial tension tests, a relation is 
necessary to estimate the mean value of axial tensile strength fctm from the tensile splitting 
strength fct,sp. All known proposed formulas postulate a linear relation between these material 
parameters being independent of the concrete grade: 
 

fctm = A·fct,sp  (3-3) 
 

The differences between the proposed values for the coefficient A are substantial. The 
Norwegian standard suggests A = 0.667 [NS 3473 (1989)], whereas Jaccoud et al. (1995) 
derived a coefficient of A = 0.81. The value of A recommended by CEB-FIP MC 1990 (1993) 
is 0.9. According to Remmel (1994) this coefficient should be about 0.95. In this context, the 
effect of the compressive strength of concrete on the ratio of the axial tensile strength to the 
tensile splitting strength is of major interest. Figure 3-3 shows a corresponding relation as 
obtained by correlating the functions for the experimental results from uniaxial tension tests 
and splitting tests, respectively (cf. Figures 3-1 and 3-2). This relation indicates a reasonable 
explanation of the different values for the coefficient A, as the differences are mainly due to 
the concrete grade under consideration. With increasing compressive strength the values of 
the tensile strength derived from uniaxial and from splitting tests approach each other. The 
change of the value of A is pronounced for lower and less pronounced for higher concrete 
grades.  
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Fig. 3-3: Relation between the compressive strength and the ratio of axial tensile strength to tensile splitting 
strength of concrete 

 
 

The interpretation of the obtained fctm/fct,sp-relation with regard to the decisive failure 
mechanisms is not straightforward. However, a crucial point is evidently the fundamental 
difference of the stress fields prevailing in the specimens. In the case of splitting tests, 
concrete is exposed to multiaxial compression in the area near the bearing strips and to mixed 
compression-tension stress in the center plane of the specimens. The experiments performed 
by Kupfer et al. (1969) clearly showed that concretes having a higher compressive strength 
are more sensitive to compression-tension loading than low strength concretes. 

Another simple method to determine the resistance of concrete against tensile stresses is 
given by testing its flexural strength. This strength value is generally higher than the axial 
tensile strength and strongly depends on the size of the beam, particularly on its depth [Müller 
and Hilsdorf (1993)]. As the depth of the beam increases, the flexural strength approaches the 
axial tensile strength. Further, the results obtained from bend tests are affected by notches or 
the notch size, respectively, as well as by the particular test set-up, e.g. three- or four-point 
bend tests [Wright (1952)]. The effect of curing conditions on the flexural strength is more 
pronounced in comparison to the other test methods, i.e. uniaxial or splitting tests. 

Figure 3-4 shows experimental results collected by Jaccoud et al. (1995) and more recent data 
from publications which appeared after the year 1995, respectively. Both data sets show a very 
large scatter of the flexural strength values which obviously is caused by the pronounced effect of 
the testing parameters on the obtained fct,fl-values. Besides the experimental data Figure 3-4 also 
shows the best fits for all data and the more recent data, respectively. It is evident that the more 
recent data indicate a less pronounced increase of the flexural strength with increasing 
compressive strength than all collected data. The reasons for this difference which might be 
traced back to statistical causes still have to be investigated. 
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Fig. 3-4: Relation between the compressive strength and the flexural strength of concrete 
 

In order to estimate the axial tensile strength from the flexural strength a relation between 
these two parameters has to be derived. CEB-FIP MC 90 gives the following formula which 
has been deduced from fracture mechanics considerations: 
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where: fct,fl flexural strength [MPa] 
 fctm mean axial tensile strength [MPa] 
 hb beam depth [mm] 
 ho 100 mm 
 αfl coefficient which depends on the characteristic length acc. to Eq. 3-13. 
 

In CEB-FIP MC 90 a value αfl = 1.5 has been proposed, though αfl depends on the 
brittleness of the concrete and decreases as brittleness increases [Müller and Hilsdorf (1993)]. 
This means that for a given beam depth, the ratio of flexural strength to axial tensile strength 
of concrete fct,fl/fctm decreases as the concrete becomes more brittle. The compilation of the 
corresponding functions for flexural und axial tensile strengths, taken from Fig. 3-2 and Fig. 
3-4 and shown in Figure 3-5 proves the correctness of this approach with regard to the effect 
of compressive strength on fracture properties of concrete. The fct,fl/fctm-relation obtained from 
the more recent data matches very well the values for low strength, normal strength and high 
strength concretes as estimated by using Eq. 3-2 and an additional formula for αfl given in 
[Müller and Hilsdorf (1993)]. However, considering all data only a slight decrease of the 
fct,fl/fctm-ratio with increasing compressive strength of concrete can be observed. 
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Fig. 3-5: Relation between the compressive strength and the ratio of flexural strength to axial tensile 
strength of concrete 

 
 
3.3.1.3 Constitutive relations between tensile strength and compressive strength 
 

As has been shown in the previous section only uniaxial tension tests on unnotched 
specimens provide reliable data for the derivation of relations between tensile strength and 
compressive strength for different concrete grades. Figure 3-6 presents two new formulas 
developed from data on uniaxial tension tests on unnotched specimens.  

The CEB-FIP MC 1990 proposal for the estimation of a mean value of the tensile strength 
fctm is based on the subsequent power function: 
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where: fck  = characteristic compressive strength [MPa] 
 fctko,m  = 1.40 MPa 
 fcko  = 10 MPa. 
 

Basically recent evaluation had shown that Eq. 3-5 is valid only up to the concrete grade 
C50 [CEB-FIP Working Group on HSC/HPC (1995)]. For concrete grades beyond this limit, 
i.e. for high strength concrete, this equation overestimates the tensile strength of concrete. 
Alternatively, a relation has been proposed which is valid for both, high strength concrete and 
normal strength concrete: 
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where: fcko,m = 1.8 MPa 
 fcko  = 10 MPa 
 ∆f  = 8 MPa. 
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Besides the different values of the coefficient fcko,m and the applied exponent, the main 
difference between both approaches given by Eqs. 3-3 and 3-4 is that the proposal of the 
CEB-FIP Working Group refers to the mean values of the compressive strength fcm = fck + ∆f, 
whereas CEB-FIP MC 90 operates with the characteristic compressive strength fck.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 3-6: Relations between tensile and compressive strength of concrete 
 

Another formula to describe the relation between mean values of tensile and compressive 
strength of concrete has been proposed by Remmel (1994):  
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where: fctm mean axial tensile strength [MPa] 
 fcm mean compressive strength [MPa] 
 fctmo = 2.12 MPa 
 fcmo = 10 MPa. 

 
As it is evident from Figure 3-6 the above given equations do not match sufficiently well 

the experimental data obtained from uniaxial tests on unnotched specimens. As a consequence 
a new logarithmic equation has been derived and optimised as shown in Figure 3-6: 
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where: fctmo = 2.64 MPa 
 fcmo = 10 MPa. 

 
The comparison of Eq. 3-5 with the experimental results or with Eq. 3-8 obtained from the 

best fit shows that the relation given by CEB-FIP MC 90 clearly overestimates the axial 
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12 3  Strength 

tensile strength for concrete grades higher than C80. However, for normal strength concrete 
this relation matches the recent data very well. 

The relation proposed by CEB-FIP Working Group [CEB-Bulletin 228 (1995)] 
underestimates significantly the tensile strength for all concrete grades above C20. The 
corresponding curve marks more or less the lower bound of the test results. One of the 
reasons might be that during the evaluation of the experimental data no distinction had been 
made between the tests on notched and unnotched specimens. Further, the data obtained from 
splitting tests had also been used. There a constant ratio had been assumed (fctm/fct,sp = 0.81) to 
calculate the axial tensile strength from the splitting tensile strength [Jaccoud et al. (1995)]. 

Eq. 3-7 predicts too high values of the tensile strength for concretes with a mean value of 
the compressive strength fcm below 40 MPa, whereas the predicted fctm-values for higher 
concrete grades are apparently too low. The underestimation is significant for high strength 
concrete. This might be explained by the fact that Remmel (1994) mainly considered own 
tension tests on notched specimens, which show especially for high strength concrete a 
considerable reduction of the apparent tensile strength. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 3-7: Tensile strength of concrete versus compressive strength – comparison of experimental results and 
predictions acc. to Eqs. 3-8 and 3-9 

 
The best prediction accuracy for the relation between mean values of the tensile and 

compressive strength of concrete is obtained when Eq. 3-8 is applied. However, its range of 
validity starts, analogous to the approach of the MC 90, at the concrete grade C12. For 
concretes with a very low compressive strength this logarithmic equation gives inconsistent 
results. Among the “consistent” formulas, a power function matches best the experimental 
data. Considering the collected data, the following equation represents an optimum fit: 
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where: fctmo = 1.61 MPa 
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Figure 3-7 shows these new approaches based on a logarithmic and a power function, 
respectively, and the curves, which correspond roughly to the 5 % and 95 % bound limits of 
the concrete tensile strength. It can be seen from this figure that for the range of the 
compressive strength between 40 MPa and 110 MPa both relations provide nearly identical 
results.  
 
3.3.2 Fracture energy 
 

The fracture mode of concrete subjected to tension allows for the application of fracture 
mechanics concepts, i.e. energy considerations. In those concepts the fracture energy of 
concrete GF, i.e. the energy required to propagate a tensile crack of unit area, is often used as 
a materials characteristic to describe the resistance of concrete subjected to tensile stresses.  
 
3.3.2.1 Parameters affecting fracture energy 
 

For normal strength concrete the fracture energy primarily depends on the water-cement 
ratio, the maximum aggregate size and the age of concrete [Wittmann et al. (1987)]. Curing 
conditions also have a significant effect on experimentally determined GF-values 
[Mechtcherine and Müller (1997)]. Further, GF is affected by the size of a structural member 
and in particular by the depth of the ligament above a crack or a notch [Hu and Wittmann 
(1990)].  

The fracture energy of high strength concrete is also influenced by the above-mentioned 
parameters, however not to the same extent as in the case of normal strength concrete. The 
aggregate type and content seem to affect the fracture energy of concrete much stronger than 
the size of aggregates [Hansen et al. (1996)]. This phenomenon is caused by the transition 
from the interfacial fracture to the trans-aggregate fracture. The utilisation of high strength 
aggregates like basalt or rather heterogeneous materials like granite leads to an increase of the 
GF-values. In both cases the crack propagation leading to concrete failure is impeded, so that 
breaking tougher aggregates, change of crack orientation or multiplication of cracks, 
respectively, cause a higher energy consumption. For high strength concrete the effect of 
curing conditions on GF is somewhat less pronounced than for normal strength concrete, but it 
is still significant. König and Remmel (1992) supposed the fracture energy measured on dry 
specimens to be on average approx. 0.05 N/mm higher than values obtained for wet concrete, 
independent of the concrete grade. 

There are different methods to determine the fracture energy. It has been shown that GF 
should be determined best, similar to the tensile strength, from uniaxial tension tests on 
unnotched specimens with non-rotatable boundaries. However, it is much easier to perform 
stable experiments on notched specimens. This leads, however, to somewhat lower GF-values 
even if uniaxial tension tests with non-rotatable boundaries are carried out [Mechtcherine and 
Müller (1998)]. The application of bend tests or tension tests with rotatable boundaries causes 
an additional reduction of the obtained GF-values [Slowik and Wittmann (1992), 
Mechtcherine and Müller (1998)]. Often the experiments are stopped before the separation of 
the specimen in two parts has really been completed, so that the measured fracture energy 
also depends also on the achieved or given deformation limit. In bend tests additional errors 
can be caused by the dead weight of the specimen and the friction at the supports.  

The pronounced effects of the above-mentioned parameters cause a significant scatter of 
the GF-values when the results of investigations of different authors are compiled. Figure 3-8 
shows the experimental results obtained from uniaxial and bend tests for different concrete 
grades. Despite of the scatter of the measured values a clear tendency indicating an increase 
of the fracture energy with increasing compressive strength can be observed.  
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14 3  Strength 

However, for concretes having a compressive strength above 100 MPa the GF-values 
appear to stay on a constant level.  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 3-8: Relation between compressive strength and fracture energy – experimental results and 
corresponding relations 

 
 
3.3.2.2 Relations between fracture energy and compressive strength 
 

Figure 3-8 also shows the most important relations for an estimation of the fracture energy 
from the compressive strength of concrete. CEB-FIP MC 90 gives the following equation: 
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where: GF fracture energy [N/mm] 
 GFo base value of fracture energy which depends on maximum aggregate size 
  dmax as given in Table 3-1 
 fcm mean concrete compressive strength [MPa] 
 fcmo = 10 MPa. 
 

dmax [mm] 8 16 32 
GFo [N/mm] 0.025 0.03 0.058 

 
Table 3-2: Effect of maximum aggregate size dmax on the base value of fracture energy GFo [CEB-FIP MC 
90 (1993)] 
 
Compared with the experimental data presented in Figure 3-8, Eq. (3-10) predicts a too 

pronounced effect of the compressive strength on the fracture energy GF. Further, this relation 
being applied for concretes with a maximum aggregate size of 16 mm underestimates the 
values of the fracture energy for all concretes grades with exception of very high strength 
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concretes (fcm > 120 MPa). The relation obtained for concretes containing coarse aggregates 
with a maximum size of 32 mm provides, on the contrary, an overestimation of the fracture 
energy for concretes having a mean value of the compressive strength above 40 MPa. 

Remmel (1994) proposed, on the basis of results from own tests with a maximum 
aggregate size of 16 mm, to use Eq. (3-11) for the estimation of the fracture energy: 
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where: GFo = 0.065 N/mm for concrete with river gravel aggregate 
 GFo = 0.106 N/mm for concrete with crashed basalt aggregate 
 fcmo = 10 MPa. 
 

For concrete with river gravel aggregates the validity limit of Eq. (3-11) is given by a 
mean concrete compressive strength of 80 MPa [Remmel (1994)]. The limiting value of the 
fracture energy for concrete with crushed basalt aggregates is specified at 0.185 N/mm, i.e. 
starting from the concrete class C40 upwards no further increase of the fracture energy is 
predicted. The main criticism on this approach may be referred to the sharp bends of the 
relations at the limiting fracture energy values, which certainly do not reflect the continuous 
transition from normal strength to high strength concrete behaviour properly. In fact it is 
desirable for corresponding relations to estimate the fracture energy with respect to the 
aggregate type. However, the analysis of the collected test data given here does not yet allow 
for quantifying the influence of different aggregate types on the GF-values with an accuracy 
which would satisfy the requirements of a code-type formulation.  

Alternatively to the existing formulations two improved relations may be proposed, which 
have been derived from the available experimental data. The first relation is given by Eq. (3-
12): 
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where: GFo = 0.18 N/mm 
 fcmo = 10 MPa. 
 

Eq. (3-12) provides the best fit for the experimental data. However, it is not consistent for 
very low strength concretes, i.e. concrete grades below C12. The second relation (Eq. 3-14) is 
of the same mathematical type as the one used in CEB-FIP MC 90: 
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where: GFo = 0.11 N/mm 
 fcmo = 10 MPa. 
 

This relation is consistent with respect to the concrete grade, but matches the collected 
data somewhat worse than Eq. (3-12). In addition, it is most likely that Eq. (3-13) 
overestimates the fracture energy of low strength concrete. 
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Fig. 3-9: Fracture energy of concrete versus compressive strength – comparison of experimental results and 
predictions acc. to Eqs. (3-12) and (3-13) 

 
 
3.3.2.3 Characteristic length 
 

The fracture energy GF alone is not sufficient to characterise the brittleness of 
concrete. Therefore, another useful fracture parameter, the characteristic length lch has 
been deduced. It corresponds to the half of the length of a specimen subjected to axial 
tension in which just enough elastic strain energy is stored to create one complete fracture 
surface. The corresponding mathematical expression is given by Eq. (3-14). A decrease of 
the characteristic length is an indication of an increase of the brittleness.  
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where: lch  characteristic length [m] 
 Eci modulus of elasticity [MPa]  
 GF fracture energy [N/m]  
 fctm axial tensile strength [MPa]. 
 

Figure 3-10 shows lch-values obtained from experimental results. The characteristic 
length decreases as the compressive strength increases, i.e. the concrete becomes more 
brittle as its tensile and compressive strength increase. The decrease of the characteristic 
length becomes less pronounced for concretes with a higher mean value of the 
compressive strength. 
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Fig. 3-10: Effect of compressive strength on the characteristic length of concrete 
 
 
3.4 Strength under multiaxial states of stress 
 
3.4.1 Basic principles 
 

Unfortunately the experimental data of the behaviour of HPC under multiaxial loading are 
limited. So the following expressions are based on the actual standard of knowledge. All 
presented functions, with exception of the functions in chapter 3.4.4, are approximations of 
measured mean values. The formulations are valid for concrete grades from C65 to C105. 
Compared to uniaxial compression the ultimate strength of high performance concrete is 
generally higher under multiaxial compression and lower under combined compression-
tension. The strength increase or decrease is dependent on the stress ratio and the concrete 
grade. The higher the concrete grade the smaller is the strength increase under multiaxial 
compression referring to the uniaxial strength and the higher is the strength decrease under 
compression-tension.  

In order to determine the multiaxial strength of HPC, the knowledge of two principal 
properties – the uniaxial tensile strength fctm and compressive strength fc' – is necessary. The 
factor between the uniaxial strength measured on standard cylinders fcm and the uniaxial 
compressive strength fc' takes into account the different specimen size and loading approach 
used in the multiaxial tests. The two properties can be calculated as follows.  
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3.4.2 Biaxial stress combinations 
 

For best results it is necessary to use different expressions for each of the three types of 
stress combinations which are tension-tension, compression-tension and compression-
compression. For the biaxial tension region it can be assumed, that the ultimate biaxial 
tension strength is equal to the uniaxial tension strength, Eq. (3-17). 
 

ctct ff =2  (3-17)
 

Referred to the uniaxial strength the ultimate strength of HPC under combined 
compression-tensile strength is significant lower than for NSC. The failure curve is nearly 
linear between the uniaxial compressive stress and the failure value at a stress ratio of 
σ2/σ1 = 0.5/-1. A cubic equation [Hampel (2002)] is recommended for the mathematical 
description, Eq. (3-18). 
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 Ai, Bi according to Table 3-3 
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i Ai Bi  
1 -1.3420·10-4 4.5150·10-2  
2 -4.5351·10-4 4.0274·10-2  

 
Table 3-3: Parameters for Eq. (3-18) 

 
 

 

 
 
|fc'| = 69.2 N/mm² 
|fc'| = 87.4 N/mm² 
|fc'| = 73.7 N/mm² 
|fc'| = 96.5 N/mm² 
[Hampel (2002)] 
[Hussein (1998)] 

Fig. 3-11: Failure strength of HPC under compression-tension loading 
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The ultimate strength of HPC under biaxial compression is higher than the uniaxial 
strength. The magnitude of the biaxial failure value depends on the concrete grade and the 
stress ratio. The increase of the strength decreases with increasing concrete grade. The 
maximum increase of the strength is observed on lower stress ratios at higher concrete grades. 
After this point the failure values decrease until the stress ratio of σ2 = σ1 is reached. It is 
possible to describe the biaxial failure envelope by an ellipse [Hampel (2002)], Eq. (3-19). 
The function depends on three parameters. The parameters a and b characterize the radii of 
the ellipse and the parameter c the center of the ellipse. As the center is situated on the axis 
σ2 = σ1 only one parameter is necessary to describe the center. The functions for a, b and c are 
dependent on the uniaxial compressive strength as shown below. 
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with: ( )'1 cffa =  
 ( )'2 cffb =  
 ( )'3 cffc =  

 ( ) ( ) ( ) icicici CfBfAff +⋅+⋅= ''' 2  with  i = 1, 2, 3 
 Ai, Bi, Ci according to Table 3-3 

 

 
i Ai Bi Ci 
1 1.1496·10-4 1.7305·10-5 -1.1685·10-4 
2 -0.0246 -0.00270 0.01830 
3 1.9955 0.80962 -0.23946 

 
Table 3-4: Parameters for Eq. (3-19) 

 
  

|fc'| = 72.4 N/mm² [Hampel 2002] 
|fc'| = 94.2 N/mm² [Hampel 2002] 
|fc'| = 73.7 N/mm² [Hussein 1998] 
|fc'| = 96.5 N/mm² [Hussein 1998] 
 
 
 
 
B 2/I 
B 3/I 
H/M HSC 
H/M UHSC 
 

Fig. 3-12: Failure strength of HPC under biaxial compressive stress 
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3.4.3 Triaxial compression and tension 
 

The ultimate loads form an ultimate strength surface. This ultimate strength envelope is 
three-fold symmetric in relation to the hydrostatic axis with σ1 = σ2 = σ3. The surface is 
characterized by the compressive meridian with σ1 < σ2 = σ3 and the tension meridian with 
σ1 = σ2 < σ3. For a material whose uniaxial compressive strength differs from its tensile 
strength the meridians distinguish from each other, see Fig. 3-13. Every three dimensional 
stress vector can be expressed by the octahedral normal stress σ0, the shear stress τ0 and the 
deviatoric angle Θ. The octahedral normal stress is the vector along the hydrostatic axis. The 
octahedral shear stress is the vector orthogonal to the normal stress and the deviatoric angle is 
the angle of rotation. The plain perpendicular to the hydrostatic axis at a defined octahedral 
normal stress is the so-called Pi-plain. The polar figure marks the ultimate strength within the 
Pi-plain. 
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Fig. 3-13: Definitions in the three-dimensional stress space 

 
The failure criterion according to Dahl (1992) is recommended for the calculation of HPC. 

The criterion was developed from the criterion of Ottosen [Ottosen (1979)] and is given in a 
simple form in Eq. (3-20). 
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I1σ is the first invariant of the stress tensor and J2σ is the second invariant of the deviatoric 

stress tensor. 
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 The function λ is dependent on the angle Θ.  
 

( )( )1 2
1K cos arccos K cos 3
3

λ Θ⎡ ⎤= ⋅ ⋅ ⋅ ⋅⎢ ⎥⎣ ⎦
 for ( )cos 3 0Θ⋅ ≥  (3-23)

( )( )1 2
1K cos arccos K cos 3

3 3
πλ Θ⎡ ⎤= ⋅ − ⋅ − ⋅ ⋅⎢ ⎥⎣ ⎦

 for ( )cos 3 0Θ⋅ ≤  (3-24)
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A, B, K1, K2 and λ are free parameters of the criterion. The parameters of Ottosen’s model 

were calibrated by the concrete properties, which are the uniaxial and the equal biaxial 
compressive strength and one failure value at the compressive meridian. Dahl calculated the 
criterion with a fix value of 0.1 for the ratio between the tensile and compressive strength and 
with 1.16 for the equal biaxial compressive strength referring to the uniaxial strength. The 
parameters A, B, K1 and K2 could be approximated using second degree polynomials. These 
polynomials are stated in the following equations. 
 

73.0x49.3x66.1A 2 ++= ••-  (3-25)
  

13.3x41.0x190B 2
. ++-= ••  (3-26)

  
89.11x97.0x46.0K 2

1 +-= ••  (3-27)
  

974.0x04.0x02.0K 2
2 ++-= ••  (3-28)

  

with: cmfx
100 MPa

=   

 
Because of the fix value of the uniaxial tensile and compressive strength there are larger 

differences between the known test results and the criterion in the biaxial region. Therefore it 
is recommended to use the listed biaxial functions to determine the failure strength in the 
biaxial region. 

Unfortunately at this point of time there are no experimental data for the triaxial 
compression-tension region available. So there is no opportunity to check the usefulness of 
Dahl’s criterion for these stress states. 
 
3.4.4 Partial area loading 
 

Triaxial states of stress are situated in a local area, when a partial area of a very large 
surface is penetrated with concentrated compressive stress or when a significant confinement 
is available on the surface. The reason for this multiaxial stress is the restraint on the loading 
surface. Due to that hydrostatic pressure the ultimate load in this area is significantly higher 
than the uniaxial strength. The following approach is identical with that enclosed in the 
European Standard EC 2 [prEN 1992-2(2002)] and other standards. The magnitude of the 
ultimate load depends on geometrical factors. These geometrical factors are shown in Fig. 3-
14. The bearable partial area load FRdu can be calculated by Eq. (3-29). However, to limit the 
penetration, the values are not to be taken higher than 3 ⋅ fcd. 
 

* 1

0 0

3.0= = ⋅ ≤ ⋅Rdu c
cc cd cd

c c

F Af f f
A A

 (3-29)

 
with: Ac0 loaded area 
 Ac1 maximum design distribution area with a similar shape to Ac0 
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h
d 1

b1

b2 ≤ 3 b1

d 2 ≤
 3 

d 1

Ac0

Ac1

direction
of loading

h   - b1≥
≥

b
h d d

2

2 1   - 

 

• the centre of the design distribution 
area Ac1 should be on the line of action 
of the centre of the loaded area Ac0 

• if more than one compressive force 
acting on the concrete cross section, 
the design distribution areas should 
not overlap 

Fig. 3-14: Determination of the specific values for the partial area loading  
 
The value of FRdu is to be decreased, if the load is not regular on the penetrating area or if 

high lateral forces are situated. 
 The following proposal for chapter 4 is kept closely to the Model Code 90 [CEB (1993)] 
and the proposed extensions from bulletin 228 [CEB (1995)]. Changes or new formulations 
are only introduced where necessary. The general purpose is to find formulations valid for all 
concrete grades from C12 to C120. Formulations given here should be an aid for a 
fundamental understanding of the stress strain behaviour of concrete as a material and its 
impact on the performance of structures. It is addressed to the structural engineer in practice 
as well as to the code writing engineer. 
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4 Stress and strain 
 
4.1 Range of application 
 
 The information given in this section is valid for monotonically increasing compressive 
stresses or strains at a rate of  | σ̇ | ≈ 0.6 ± 0.4 MPa/s or  | ε̇ |  ≈ 0.015 ‰/s, respectively. For 
tensile stresses or strains it is valid for σ̇  ≈ 0.06 MPa/s or ε̇  ≈ 0.0015 ‰/s, respectively. 
 
 
4.2 Modulus of elasticity 
 
 The modulus of elasticity Eci is defined as the tangent modulus of elasticity at the origin of 
the stress-strain diagram. It is approximately equal to the slope of the secant of the unloading 
branch for rapid unloading and does not include initial plastic deformations. It has to be used 
for the description of the stress-strain diagrams for uniaxial compression, uniaxial tension and 
multiaxial stress-states, as well as for an estimate of creep. 
 The modulus of elasticity depends on the stiffness of the aggregates, the cement paste and 
the contact zone in between. In general aggregates of different sizes and cement paste have 
different stiffness. Therefore the content each of the different particle sizes, which can be 
expressed with the grading curves according to appendix 6 [CEB (1993)], has significant 
influence on the modulus of elasticity. While the cement paste can be described by using the 
compressive strength, the influence of the type of aggregate has to be considered separately. 
Compared to quartzitic aggregates with gradings in zone 3 the modulus of elasticity can be 
increased by 20 % or decreased by 30 % only by changing the type of aggregate. Eq. (4-1) 
and Table 4-1 give the qualitative changes αE in the modulus of elasticity for different types 
of aggregate. To take full account of differences in grading, aggregate stiffness or modulus, 
direct measurements of Eci are necessary. Eci may then be replaced by Ecm from tests. Tests on 
the modulus of elasticity are necessary where deformations or dynamic behaviour are of 
interest and where concrete and steel are combined to carry loads in a composite structure. 
 Values of the modulus of elasticity for normal weight concrete with natural sand and 
gravel gradings in zone 3 can be estimated from the specified characteristic strength using Eq. 
(4-1). 
 

Eci  =  Ec0·αE·
/1 3

ckf 8 MPa
10 MPa
+⎛ ⎞

⎜ ⎟
⎝ ⎠

 (4-1) 

 
where: Eci is the modulus of elasticity (MPa) at a concrete age of 28 days 
 fck is the characteristic strength (MPa) according to section 3.2 
 Ec0 = 20.5·103 MPa  
 αE is 1.0 for quartzitic aggregates. For different types of aggregate qualitative 
 values for αE can be found in Table 4-1. 
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Aggregate type 
grading in zone 3 

αE Ec0·αE 
[MPa] 

Basalt, dense limestone aggregates 1.2 24 600 
Quartzitic aggregates 1.0 20 500 
Limestone aggregates 0.9 18 500 
Sandstone aggregates 0.7 14 400 

 
Table 4-1: Effect of type of aggregate on modulus of elasticity 

 
When the actual compressive strength of concrete at an age of 28 days fcm is known, Eci 

may be estimated from Eq. (4-2). 
 

Eci  =  Ec0·αE·
/1 3

cmf
10 MPa

⎛ ⎞
⎜ ⎟
⎝ ⎠

    (4-2) 

 
When only an elastic analysis of a concrete structure is carried out, a reduced modulus of 

elasticity Ec according to Eq. (4-3) should be used in order to account for the initial plastic 
strain, causing some irreversible deformations. The modulus of elasticity Eci does not include 
this initial plastic strain due to its definition as the slope of the unloading branch. While the 
limit for the stress σc reached in the serviceability limit state is set to σc = -0.4·fcm this stress 
level gives an upper limit for the reduction factor αi (Fig. 4-1). This factor αi = Eci / Ec is 
decreasing with increasing concrete strength. The reduction factor αi can be found from the 
stress-strain relation introduced in chapter 4.4 if further initial creep effects are neglected. For 
concrete grades higher than C80 the difference between first loading up to σc = -0.4·fcm and 
the unloading branch is smaller than 3 % and may be neglected. The reduction factor αi 
introduced in Eq. 4-3 may be estimated by a bilinear approach (Table 4-2). 
 

Ec  =   αi·Eci    (4-3) 

where: . . .cm
i

f0 8 0 2 1 0
88 N/mm²

α = + ⋅ ≤  

 
 

 
 

Fig. 4-1: Reduced modulus Ec during first loading 
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Values of the tangent moduli Eci and the reduced moduli Ec for different concrete grades 
are given in Table 4-2 (see also Chapter 4.6, Fig. 4.6-1). Quartzitic aggregates with grading in 
zone 3 are estimated. 
 

Concrete 
grade 

C12 C20 C30 C40 C50 C60 C70 C80 C90 C100 C110 C120

Eci [GPa] 25.8 28.9 32.0 34.6 36.8 38.8 40.7 42.3 43.9 45.3 46.7 48.0 
Ec [GPa] 21.8 25.0 28.4 31.4 34.3 37.1 39.7 42.3 43.9 45.3 46.7 48.0 
αi  0.845 0.864 0.886 0.909 0.932 0.955 0.977   1.0   

 
Table 4-2: Tangent modules and reduced modules of elasticity 

 
 
4.3 Poisson’s ratio 
 

For a range of stresses -0.6 ⋅ fck < σc < 0.8·fctk the Poisson’s ratio of concrete νc ranges 
between 0.14 and 0.26. Regarding the significance of νc for the design of members especially 
with the influence of crack formation at the ultimate limit state, the estimation of νc = 0.20 
meets the required accuracy. 
 
4.4 Stress-strain relations for short term-loading 
 
4.4.1 Compression 
 

The stress-strain diagrams for concrete are generally of the form schematically shown in 
Fig. 4-2. The strength fc should be related to the uniaxial compressive strength described in 
section 4.4.3.  
 

 
 
Fig. 4-2: Stress-strain diagram for uniaxial compression 

 
The stress-strain relationship may be approximated by Eq. (4-4). The strain εc1 at 

maximum compressive stress is increasing with increasing compressive strength. Values for 
εc1 under short term loading are given in Table 4-3 following the proposal from Propovic 
(1973) and Meyer (1998). Fig. 4-3 shows the stress-strain relations for concrete grades C12 
up to C120.  
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( )

2
c

c

k
f 1 k 2

σ η η
η

⋅ −
= −

+ − ⋅
   for cε  < lim,cε  (4-4) 

 
where: η  = εc / εc1   
 εc1  = -1.60 (fcm / 10 MPa)0.25 / 1000   strain at maximum compressive stress  

 [Popovic (1973] 
 k   = Eci

 / Ec1   plasticity number 
 
 

Concrete 
grade 

C12 C20 C30 C40 C50 C60 C70 C80 C90 C100 C110 C120 

Eci [GPa] 25.8 28.9 32.0 34.6 36.8 38.8 40.7 42.3 43.9 45.3 46.7 48.0 
Ec1 [GPa] 10.5 13.5 17.0 20.3 23.4 26.3 29.2 31.9 34.6 37.2 39.8 42.7 
εc1 [‰] -1.90 -2.07 -2.23 -2.37 -2.48 -2.58 -2.67 -2.76 -2.83 -2.90 -2.97 -3.0 
εc.lim [‰] -3.5 -3.5 -3.5 -3.5 -3.4 -3.3 -3.2 -3.1 -3.0 -3.0 -3.0 -3.0 
k=Eci/Ec1 2.46 2.14 1.88 1.71 1.58 1.48 1.39 1.33 1.27 1.22 1.17 1.12 

 
Table 4-3: Tangent modules Eci, Ec1, εc1 and εc,lim for various concrete grades 

 
 

 
 

Fig. 4-3: Stress-strain diagrams for different concrete strengths (mean values) 
 
 
As shown before, the E-modulus may be different for some mix designs. If E-moduli from 

tests are used to find the accurate shape of the stress-strain diagram used for design, the 
modulus Ec1 should also be taken from tests. An accurate stress-strain diagram can only be 
found if both modules determining the plasticity number k are investigated.  
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The stress-strain relation for unloading of the uncracked concrete may be described by Eq. 
(4-5); see also Fig. 4-1. 

σc  =  Eci·∆εc (4-5) 

where: ∆σc is the stress reduction 
 ∆εc is the strain reduction 
 

The descending part of the stress-strain diagram is strongly depending on the specimen or 
member geometry, the boundary conditions and possibilities for load redistribution in the 
structure. In tests a strong influence of the rigidity of the used testing device can be observed. 
During the softening process microcracking occures in a fracture zone of a limited length ld 
and width. One single fracture zone is supposed to be decisive for the failure of a certain 
member. The stress in the fracture zone drops down with a shear displacement in local shear 
bands of wc ≈ 0.5 mm. The ultimate strain εc,lim is caused by this displacement wc related to a 
certain length l (Fig. 4-4). Furthermore the possibility for redistribution of stresses in the 
adjacent uncracked zones is decisive for the deformation capacity in the fracture zone. With a 
high strain gradient under flexural deformation the ultimate strain is much higher than with a 
uniform strain distribution across the fracture region. Further the redistribution capacity for 
stresses is decreasing with increasing strength as the concrete reacts more and more brittle. As 
a consequence, the descending portion of the stress-strain relation is size dependent and so 
not only a material property (Fig. 4-5). A general value for εc,lim must be applicable for 
relevant member dimensions in practice. The values for εc,lim given in Table 4-3 are in good 
agreement with tests up to a compressive zone depth of about 500 mm [Meyer (1998), Grimm 
(1996)]. Under axial compression, the descending part can only be observed with a controlled 
increase in deformation. For small strain gradients a redistribution of stresses is not possible 
and the strain should be limited by εc1. The maximum strains εc,lim given in Table 4-3 are valid 
for small and medium member sizes under a strain gradient. With increasing concrete strength 
the softening behaviour is less significant and εc,lim is getting close to εc1. 

For the analysis of structural deformations under ultimate load the knowledge of the 
descending branch of the stress-strain diagram is not important. If concrete fails under 
compression the descending part is usually reached only in local sections including the 
fracture zone close to the failure load. 

 

Fig. 4-4: Fracture zone under (a) axial and (b) excentric compression 
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Fig. 4-5: Size dependent descending branch of the stress-strain diagram 
 
 
To describe the deformations close to a fracture zone including the size dependent 

softening effect, it is necessary to use a fracture mechanical approach. Grimm (1996) and 
Meyer (1998) proposed damage zone models which are based on the compression damage 
zone (CDZ) model by Markeset (1993) (Fig. 4-6). The fracture energy consumption due to 
microcracking in the fracture zone is used to describe the softening inside the fracture region. 
The stress-strain relation for increasing strain is divided in three parts. The unloading part 
from uncracked regions is described with elastic strains ε by Eq. (4-5). The inelastic strains 
due to the formation of longitudinal cracks and the sliding deformation caused by the 
formation of a shear band inside the fracture zone are added (Fig. 4-4, Fig. 4-6). The latter 
parts depend on the absolute size of the fracture zone. As a result size dependent stress-strain 
relations can be found for each member [Grimm (1996)], [Meyer (1998)]. The influence of 
lateral reinforcement in the fracture zone can be described as well [Meyer (1998)]. 
 

 
 

Fig. 4-6: Components of the Compression Damage Zone (CDZ) model [Markeset (1993)] 
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If the rotation capacity of a single section is of interest, the deformation and stress 
distribution in the fracture zone can be calculated using the CDZ-model in a numerical 
analysis [Grimm (1996), Meyer (1998)]. 

 
 

4.4.2 Tension 
 

Tensile failure of concrete is always a discrete phenomenon. Therefore, only the tensile 
behaviour of the uncracked concrete can be described using a stress-strain diagram. At tensile 
stresses of about 90 % of the tensile strength fct microcracking starts to reduce the stiffness in 
a small damage zone (Eq. 4-6 and 4-7). The microcracks grow and form a discrete crack at 
stresses around the tensile strength. Stresses and deformations in this local fracture process 
zone can now be described using a stress-crack opening diagram (Fig. 4-7). All deformations 
in the fracture process zone can be added to a fictitious crack opening w [Hillerborg (1983)].  
 
σct =   Eci·εct for  σct  ≤  0.9·fctm  (4-6) 

σct =   fctm· .,
. . /

ct

ctm ci

0 000151 0 1
0 00015 0 9 f E

ε⎛ ⎞−
− ⋅⎜ ⎟− ⋅⎝ ⎠

 for  0.9·fctm < σct ≤  fctm  (4-7) 

where: Eci  is the tangent modulus of elasticity in MPa from Eq. (4-1) 
 fctm  is the tensile strength in MPa from Eq. (3-7) 
 σct  is the tensile stress in MPa 
 εct  is the tensile strain  
 

 
Fig. 4-7: Stress-strain and stress-crack opening diagram for uniaxial tension 

 
Neglecting the small energy consumed by a complete loading cycle in the stress strain 

diagram, the maximum strain εct,max in the stress-strain diagram can be estimated as εct,max ≈ 
fctm / Eci. For the analysis of the fracture zone a strain εct,max ≈ 0.15 ‰ can be estimated. Due to 
the localisation of microcracking in the fracture zone and the large uncracked areas outside 
the damage zone this strain is only valid inside the fracture zone. 

The bilinear approach for the stress-crack opening relation from Fig. 4-5 is given by Eqs. 
(4-8) and (4-9). This simplified approach can describe the fracture energy consumed by a total 
crack opening and gives a good estimate for the general shape of the unloading branch in 
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tension. Where the exact shape is of interest, the fracture energy and the shape of the stress-
crack opening curve should be found by a uniaxial tensile test. 
 

σct(w)   =   fctm · . .
1

w1 00 0 80
w

⎛ ⎞
− ⋅⎜ ⎟

⎝ ⎠
 for  w  ≤  w1  (4-8) 

σct(w)   =   fctm · . .
1

w0 25 0 05
w

⎛ ⎞
− ⋅⎜ ⎟

⎝ ⎠
 for  w1 < w  ≤  wc  (4-9) 

 
where: w is the crack opening in mm 
 w1 =  Gf / fctm where σct = 0.20·fctm 
 wc =  5 · Gf / fctm where no stress σct is transferred 
 Gf is the fracture energy (N/mm) from Eq. (3-11) 
 fctm is the tensile strength in MPa from Eq. (3-7) 
 

In structures the descending branch of the stress-crack opening diagram results in tensile 
forces carried across cracks close to the crack tips. In small members the forces carried across 
cracks have significant impact on the tensile capacity of the member. On the other hand, in 
large members the contribution of the descending branch stresses can be neglected. A 
significant size effect is caused e. g. in the bending capacity of unreinforced beams and in the 
flexural shear capacity of members without shear reinforcement as shown in Fig. 4-8. In both 
cases the capacity of small members (d ≈ 200 mm) calculated neglecting the descending 
branch is increased by a factor of 1.6 up to 2.0 by the tensile forces carried in the fracture 
process zone. 
 

 
 

Fig. 4-8: Effect of the tensile stress transfer in the descending branch on the flexural shear capacity of small 
(a) and large (b) members [Zink (2000)] 
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4.4.3 Multiaxial states of stress 
 
 The available experimental data of the stress-strain relationship of HPC under multiaxial 
loading scatter in a wide range. The results depend on the used testing equipment and 
procedure of the respective researcher and differ from each other. The formulation of a 
constitutive model to describe the deformation behaviour of concrete subjected to any type of 
loading has proven to be very difficult. Over the years many researchers have proposed 
different constitutive models for normal strength concrete based on many different theories. 
Some of the more important ones for high strength concrete are described by Dahl (1992). 
This model is an improvement of the Ottosen model [Ottosen (1979)]. 
 The proposed model is based on the non-linear elasticity theory, where the secant modulus 
of elasticity and the Poisson’s ratio depend on the actual state and level of stress. The model 
describes the short term deformations of concrete under monotone increasing compressive 
loads. The post-failure stress-strain behaviour of concrete under multiaxial states of stress is 
not covered by the formulae presented here, as sufficient experimental data are not available.  
 The following parameters are needed to calibrate the model to the specific concrete. All 
three parameters can be determined from the standard uniaxial compression test: 
 

1) fcm uniaxial compressive strength 
2) E0 initial value of Young’s modulus 
3) εc the strain at the peak stress 

 
 The minor principal stress at failure 3 fσ  is determined on the basis of a failure criterion. 
This stress is used for calculating the non-linearity index β , a measure of the actual level of 
stress in relation to the failure state (at failure: 1β = ). For the determination of β  it is 
referred to equation (4-10). 
 

3

3

σβ
σ

=
f

 (4-10)

 The secant value of Young’s modulus at failure fE  is determined using equation (4-11). 
For definitions of fE  see Fig. 4-9. 
 

( )
3 f c

f
3 f 2 f0

c cm

EE
JE 11 2

E f 3

σ
ε

= =
⎛ ⎞
⎜ ⎟+ ⋅ ⋅ −⎜ ⎟
⎝ ⎠

 
(4-11)

 
with: 

 
0E  initial Young’s modulus 

cE  uniaxial secant value of Young’s modulus at failure 

cmf  uniaxial compressive strength 

( )2 f
J  square-root of the second invariant of the deviatoric stress tensor at failure 
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Fig. 4-9: Symbols used in the model according to Dahl (1992) 
 
 With 0E , fE  and β  the secant value of the Young’s modulus sE  at any given stress level 
can be determined using equation (4-12). 

2
2

s 0 0 f 0 0 f f
1 1 1 1E E E E E E E E
2 2 2 2

β β β⎡ ⎤⎛ ⎞ ⎛ ⎞= − ⋅ − ± − ⋅ − − ⋅⎜ ⎟ ⎜ ⎟⎢ ⎥⎝ ⎠ ⎝ ⎠⎣ ⎦
 

 

(4-12)

 The apparent value of Poisson’s ratio aµ can be determined using equations (4-13) and (4-
14) and the non-linearity index β . 
 

( )
.

.

a
i

a 2
a a a t
f f i

t

for  0 6

1 for  0 6
1

µ β
µ β βµ µ µ β

β

⎧ ≤
⎪

= −⎨ ⎛ ⎞− − ⋅ − >⎜ ⎟⎪ −⎝ ⎠⎩

 

 

(4-13)

Uniaxial and biaxial loading: 
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a
i
a
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=

 

Triaxial loading: 
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0 50

µ
µ

=
=

 

 
(4-14)

 
 Using aµ  and sE  the strains of concrete can be determined using equation (4-15). 
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 Another recommendable constitutive model based on an elasto-plastic material law was 
described by Rogge (2002). This model is sufficiently accurate for modelling the 
characteristic material behaviour of concrete elements undergoing smeared cracking. By the 
determination of the plastic, irrecoverable deformation part, the consideration of the load 
history including unloading is possible. 
 The stress-strain diagram of concrete under uniaxial or multiaxial loading shows a 
continuous degradation of the stress-strain ratio in the ascending branch without a significant 
yield initiation (hardening). This effect is caused by a gradual extension of microcracks 
already present in the unloaded concrete. Up to a level of about 80 to 90 percent of the 
maximum stress, the increase is accompanied by a volume reduction due to the closing of 
microcracks and an ongoing collapse of the pore structure. Close to and behind the maximum 
stress level the microcracks combine to longer macrocracks resulting in a significant volume 
increase. Due to the possible redistribution of internal stresses within the inhomogeneous 
microstructure of concrete, a concrete element also shows a stable material behaviour after 
passing the maximum stress point in the descending branch of the stress-strain diagram 
(softening). This model is particularly suitable for numerical analysis. For further details see 
Rogge (2002). 
 
 
4.5 Shear friction behaviour in cracks  
 
4.5.1 Introduction 
 

A typical feature of the behaviour of reinforced and prestressed concrete structures is that 
they show a considerably changed stiffness after cracking. This means that cracking often 
goes along with a transition to a significantly different bearing mechanism. As a consequence 
internal forces in a structure can change direction so that shear stresses occur in cracks. A 
typical example of this is truss action in beams subjected to shear. The first cracks tend to 
occur under an angle of about 45º with the gravity axis of the member, in accordance with the 
direction of the principal tensile stresses in the uncracked phase. After the occurrence of the 
first generation of shear cracks a redistribution of forces occurs, leading to a rotation of the 
compression struts. Hence, the shear design can be carried out assuming a strut inclination, 
which is considerably smaller than 45º (EC-2 advises for instance as a lower limit cot θmin = 
2,5, which corresponds to θmin = 21,8º. The capacity of cracks in concrete to transmit shear 
stresses as a contribution to the overall bearing resistance is important in structures which 
have been precracked due to other combinations of loads as well. In structures which are 
loaded by a combination of axial tension, bending and shear, cracks can occur which intersect 
the whole cross-section, and have to carry the ultimate shear load. 
 
 
4.5.2 The shear friction principle 
 

Mostly the transmission of shear forces across cracks in concrete is described with the so-
called shear friction mechanism, Fig. 4-10. Because of the roughness of the cracks a type of 
wedging action develops if the parts adjacent to the crack are subjected to opposite shear 
forces. The reinforcement, which intersects the crack, restrains the crack opening and as a 
consequence counteracts the shear slip. A first evaluation of the shear friction capacity led to 
the formulation: 
 

tan= ⋅ ⋅ θu vf yV A f  (4-16) 
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or 
tan= ⋅ ⋅ρ θu v yv f  (4-17) 

 
where Vu = ultimate shear force, Avf = reinforcement intersecting the crack, fy = yield 

stress of the reinforcing steel and tan α is a parameter, characterizing the undulation of the 
crack surface. Moreover vu = ultimate shear stress and ρv = reinforcement ratio of bars, 
intersecting the crack.  
 

 
Fig. 4-10:  Shear friction mechanism, showing a wedge-type of behaviour at shear sliding 

 
Later on, the equations were modified: since an external compressive stress perpendicular 

to the crack has the same effect as a yielding reinforcement crossing the crack, the term σn 
was added to ρv ⋅ fy. Furthermore, in order to achieve a better agreement with regard to test 
results, the equations were extended with a cohesion term. So Eq. (4-17) changes to the 
expression of the “modified shear friction equation”: 
 

θtan)σfρ(cv nyvu ++= •  (4-18a) 
 

On the basis of a statistical evaluation of test, Mattock (1974) proposed values c = 2,8 
MPa and tan θ = 0,8 for concretes with moderate strength. Since it was expected that no 
significant increase of vu would occur in overreinforced concrete, the restriction  
 

 '3.0 cu fv ≤  (4-18b) 
 
was added. 
 
 
4.5.3 Shear friction across cracks in HPC 
 

The main disadvantage of Eq. (4-18a) is that it does not consider the influence of the 
concrete strength. In Walraven (1981) and Walraven, Reinhardt (1981) it was shown that 
there must be an influence, since the shear carrying capacity is actually built up of numerous 
small forces, exerted through local contact areas between aggregate particles and cement 
matrix, see Fig. 4-11.  
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Fig. 4-11: Schematic representation of transmission of forces across a crack 
a) Simplified interface representation 
b) Origin of a contact area during crack sliding 
c) Basis for equilibrium conditions 

 
Indeed, an evaluation of a large number of results, up to a cylinder strength of about 70 

MPa, showed the influence of the concrete strength. In a discussion of Walraven, Frenay, 
Pruijssers (1987) and Mau, Hsu (1988) it was shown that a simple and adequate formulation 
of the mean shear capacity of cracks intersected by reinforcement is 
 

3.066.0' ≤= ω
c

u

f
v

 (4-19) 

 
where  
 

ρv • fy 
ω = f 'c 

 
with 
 

ρv = reinforcement ratio of bars, intersecting the crack 
fy = yield stress of the steel 
f 'c = concrete cylinder strength 

 
However, a restriction for Eq. (4-19) is that is was based on concretes in which the tensile 

strength was not high enough to cause fracturing of the aggregate particles. Nowadays a 
concrete with a strength of 100 MPa and more is easily producable and a common feature of 
it is that the aggregate particles fracture during the formation of a crack. On the basis of Fig. 
4-11 it is clearly imaginable that the shear capacity of a crack will be considerably reduced if 
the majority of the particles fracture. So, it can therefore be expected that for a concrete 
strength higher than a certain critical value – which depends on the ratio particle strength to 
matrix strength – a drop in the shear friction capacity to a much lower level will occur.  

In Walraven (1981) it was shown that the shear carrying behaviour of cracks in concrete 
can be described as a function of the parameters w (crack width), δ (shear displacement 
between the crack faces), σ (normal compressive stress perpendicular to the crack, 
counteracting crack widening) and τ (shear stress in crack). A fundamental formulation was 
derived for cracks with unbroken particles, based on the mechanism described in Fig. 4-11.  
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 The general constitutive equations are: 
 

( )m y xA A• •τ = σ + µ  (4-20a) 
( - )m x yA A• •σ = σ µ  (4-20b) 

 
where 
 

σm = crushing strength of matrix 
µ   = coefficient of friction for the contact area between particles and matrix 

 
Ax and Ay are projected contact areas which are functions of the crack width, the shear 

displacement, the relative aggregate volume and the maximum particle diameter [Walraven 
(1981)]. From tests on concrete with glacial river aggregate it was found that the best 
agreement with test results was obtained with µ = 0.4 and σm = 6.4 ⋅ fcc

0.56. 
Fig. 4-12 shows a family of curves relating the shear stress τ and the normal stress σ to the 

shear displacement δ and the crack width w. The curves show the relation τ - δ and σ - δ for a 
constant crack width. 

Fig. 4-12 (left) shows the relations obtained for a concrete with a cube strength of 59 
MPa, made with glacial river aggregate. Inspection of the crack faces after the test showed 
that the aggregate particles were predominantly uncracked. Fig. 4-12 (right) shows the 
relations for a concrete with a cube strength of 110 MPa. It is seen that there is a considerable 
reduction of the values τ and σ for the same crack width and shear displacement with regard 
to the values obtained in Fig. 4-12 (left). 
 

 
 

Fig. 4-12: Relation between shear stress τ, normal stress σ, shear displacement δ, crack width w for a 
concrete with unbroken aggregate particles and a cube strength of 59 MPa( left) and a concrete with 
broken aggregates and a cube strength of 110 MPa (right) 

 
The basic explanation for the reduction of the shear capacity with an increased concrete 

strength is the reduction of the contact area due to particle fracturing. It is therefore obvious 
to reduce the contact areas Ax and Ay by a fracture reduction factor C. The Eqs. (4-20a, 4-
20b) are then modified to: 
 

τ = σm • C • (Ay + µ • Ax ) (4-21a) 
σ = σm • C • (Ay – µ • Ay ) (4-21b) 
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For the experiments concerned, a fracture reduction factor C = 0.35 turned out to give the 
best agreement with the tests. 

The fracture factor C can be used as well in combination with curves which approach the 
theoretical Eqs. (4-21a, 4-21b) and are based on curve fitting of large series of test results, 
carried out on push-off specimens, Fig. 4-13. 
 

   
 

Fig. 4-13: Shear friction tests on push-off specimens with external restraint bars (Walraven [1981]) 
 
These relations are: 
 

}])20.0234.0(8.1[
30

{ '707,080.0
'

δτ cc
cc fww

f
C ⋅−++−= −−  (4-22a) 

 
with τ ≥  0 (N/mm2, mm) 
 

}])15.0191.0(35.1[
20

{ '552.063.0
'

δσ cc
cc fww

f
C −++−= −−  (4-22b) 

 
with  σ ≥  0 
 
Fig. 4-14 shows that there is good agreement between Eqs. (4-22a, 4-22b) and the test results.  
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Fig. 4-14: Comparison between test results for concrete with a cube strength of 110 MPa and the linearized 
relations with a fracture reduction factor C = 0.35 according to Eq. (4-22) 

 
 
4.5.4 Ultimate shear friction capacity of cracks in reinforced HPC 
 

In the past many tests have been carried out for assessing the shear friction capacity of 
cracks in reinforced concrete. Most of those tests were carried out on push-off specimens with 
concrete strengths between 20 and 60 MPa. For those strengths the Eq. (4-19) describes the 
results with excellent accuracy. For reinforcement ratios for which the yield stress of the steel 
is reached (which is generally the case if τu/fc

’< 0.3) the mean ratio between the shear strength 
values, found in 60 experiments, was 1.00 and the coefficient of variation was 0.11. For 
excessive reinforcement (τu/fc

’< 0.3) the mean value for 28 tests was 1.06 with a coefficient of 
variation of 0.13. The 88 specimens used for the evaluation were made of concrete with 
strong aggregate, so that the percentage of broken particles was very small. The use of Eq. (4-
19) for high strength concrete (e.g. fcc

’> 80 MPa) would however only be valid if the 
condition of no particle fracturing would be fulfilled. Observation of the crack faces in the 
specimens made with the high strength concrete in this research program, showed however 
that a large percentage of the particles was broken. Fig. 4-15 shows a comparison of Eq. (4-
19) by [Mao and Hsu (1988)] with the tests on high strength concrete push-off specimens, 
obtained in this research. The dotted line is hypothetical and is valid for fc

’ = 100 MPa and 
unbroken particles. The experimental values are, as expected, considerably smaller: they are 
in the range of values which would be obtained with a concrete strength of 35-55 MPa. It 
appears that, due to particle fracturing, the shear capacity was reduced to 55-75 % of the 
values which would be obtained with unbroken particles: the 55 % applies to low and the 75 
% to high reinforcement ratios. Obviously the shear capacity of cracks, intersected by 
reinforcement, is less reduced by particle fracturing than that of cracks in plain concrete. The 
reason is twofold: 

 
- the shear capacity of reinforced cracks is partially due to dowel action of the rebars, 

which is not reduced by particle fracturing 
 

Copyright fib, all rights reserved. This PDF copy of fib Bulletin 42 is intended for use and/or distribution only within National Member Groups of fib.



fib Bulletin 42: Constitutive modelling of high strength/high performance concrete 39 

- the bond between the rebars and the concrete is very good, so that the crack width 
remains relatively small: the relatively larger number of contact points partially 
compensates for the loss of shear capacity due to particle fracturing. 

 

  
 

Fig. 4-15: Comparison of test results for high strength concrete with fcc’ = 100 MPa, Eq. (4-19) acc. to Mau 
and Hsu (1988) valid for concretes with unbroken particles 
 

 
4.6 Rotation and bending capacity 
 
The stress-strain relation for concrete in compression up to grade C120 may be expressed by 
the subsequent relation (see also Eq. 4-4): 

 

F(η)   =   
( )

2
c

c

k
f 1 k 2

σ η η
η

⋅ −
= −

+ − ⋅
   for cε  < lim,cε  (4.6-1) 

 
where: η = εc / εc1  
 εc1 = -1,60 ⋅ (fcm / 10 MPa)0.25 / 1000  strain at maximum compressive stress 
   [Popovic (1973)] 
 k   = Eci

 / Ec1 plasticity number 
 fc is the compressive strength 
 

For the analysis of the rotation versus the bending moment the following relations are 
helpful: 
 

m  =  2bd
M y   =  α·kx·kz·fc  (4.6-2) 

 
where: m is the bending capacity for a rectangular compression zone in [MPa] 
 kx is the relative height of the bending compression zone 
 kz is the relative inner lever arm 
 b is the width of the compression zone 
 d is the static depth of the bending member 
 α is the integral factor for the stress-strain relation in the compression zone 
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kx  =  
sc

c

εε
ε

−lim,

lim,   (4.6-3) 

 

α  =  ∫
lim

0

d)(1 η

ηη
η

F
lim

  (4.6-4) 

 

kz  =  1 - kx·
lim

Rlim

η
ηη −   (4.6-5) 

 

ηR  =  

∫

∫ ⋅

lim
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F

F

η

η

ηη

ηηη

0

0

d)(

d)(
  (4.6-6) 

Helpful integrals used in Eqs. (4.6-4) and (4.6-6) are: 
 

∫
lim

F
η

ηη
0

d)(    =   ( ) ( ) ( ) ( )
lim2

2
3

0

1 a1 2 1 a ka ln 1 a 1 ka
a 2

η
η

η η η
⎡ ⎤+

⋅ − ⋅ + − ⋅ + + ⋅ +⎢ ⎥
⎢ ⎥⎣ ⎦

 (4.6-7) 

 

∫ ⋅
lim

F
η

ηηη
0

d)(    =    (4.6-8) 

    =   ( ) ( ) ( ) ( ) ( ) ( )
lim3

2
4

0

1 a1 31+a +ka 1+a 3+2ka - ln 1+a 1+ka
a 3 2

η
η

η η η
⎡ ⎤+ ⎛ ⎞⋅ − ⋅ + ⋅ ⋅⎢ ⎥⎜ ⎟

⎝ ⎠⎢ ⎥⎣ ⎦
  

 
where: a  =  k - 2 
 

The relation αi(fck) of tangent modulus Eci versus secant modulus Ec,sec at σc = 0.4·fcm can 
be calculated from the stress-strain diagrams if initial creep effects are neglected. Fig. 4.6-1 
compares the values for αi from the stress-strain diagrams to the bilinear approach following 
Eq. (4-3). 
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Fig. 4.6-1: Secant versus tangent-stiffness ratio αi in the stress-strain relation 
 

If the theoretical medium bending capacity is calculated with the stress-strain relation for 
deformation analysis, an increase of bending capacity should be monotonically with 
increasing concrete strength. Fig. 4.6-2 shows the results for the characteristic stress-strain 
relations (index k) and design stress-strain relations (index d). In the latter relations the 
concrete stresses at a certain strain are reduced by α = 0.85 and γc = 1.5/(1.1-fck/500) ≥ 1.50. 
The yielding point of the steel is reduced by a factor γs = 1.15. Both graphs show a sufficient 
monotone increase with strength. Differences to an ideal curved shape are caused by the 
approximation of the ultimate strain εc,lim.  
 

 
 

Fig. 4.6-2: Theoretical bending capacity calculated with a steel strain of 2.38 ‰ (k) and 2.07 ‰ (d) 
respectively 

 

characteristic compressive strength fck [N/mm²]
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This test proofing the compatibility of stress-strain relations for different concrete 
strengths should also be applied when approaches to the mean curve are made for design 
purpose. The bending capacity should be monotone for any other approach like e. g. bilinear 
relations. Also the factors kz and α (see Eqs. (4.6-3) and (4.6-4)) have to be equivalent in 
other approaches to the stress-strain diagram. If safety factors are increased with increasing 
concrete strength, this must not lead to a decrease in flexural strength. 
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5 Stress and strain rate effects – impact  
 
5.1 Range of applicability 
 

The petroleum industry as well as military facilities may be subjected to transient loading, 
such as impacts (missiles, falling off objects), shock waves (explosions, detonations) and 
earthquakes. Limited information exists on the behaviour of HPC under high loading rate 
conditions.  
 It is known, that both the values of tensile and compressive resistance and the Young's 
modulus in the case of a very short loading application differ from the results under static 
loads.  
 Different types of dynamic loading can be differentiated, see Table 5-1. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Table 5-1: Examples of different loading rates according to Reinhardt (1987) 
 
 
5.2 Compressive strength 
 
 In different experiments on HPC it was illustrated, that the compressive resistance 
increases with increasing loading rate. Fig. 5-1 shows results of Reinhardt (1987) obtained 
from tests on a C50 and Jensen (1993) obtained from tests on normal strength concrete (C35), 
on high-performance concrete (C115) and on a specific composite of steel fibres and bauxite 
aggregate (Cxx2) under different loading rates. The compressive strengths were 46, 109 and 
134 MPa, measured on cubes with an edge length of 100 mm. The results of both researchers 
show similar characteristics regarding the strength increase during shock loading.  
 
 

Type of loading     Strain rate [s-1] 

traffic  10-6  - 10-4 

gas explosions  5 · 10-5 - 5 · 10-4  

earthquake  10-2 -   100   

pile driving  10-2 - 100  

airplane impact  5 · 10-3 - 5 · 10-2 

hard impact  100  - 102  

high velocity plate impact  102  - 105  
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Fig. 5-1: Effects of different strain rates of the compressive strength of concrete according to Jensen (1993) 
and Reinhardt (1987) 

 
 Malvar and Crawfort (1998) determined a so-called dynamic increase factor fc / fcs. This 
factor depends on the concrete grade and the strain rate. The factor can exceed 2 under 
dynamic compression and reaches 6 under dynamic tension. The strain rate was given within 
the range of 10 s-1 to 1000 s-1. The dynamic increase factor fc / fcs can be determined by Eqs. 
(5-1) and (5-2). 
 

(5-1)

 

(5-2)

  
 
with: fc  dynamic compressive strength at strain rate ε 
 fcs static compressive strength at strain rate εs 
 fc / fcs compressive strength dynamic increase factor (DIF) 
 ε̇ strain rate in a range between 3 · 10-5 s-1 and 300 s-1  
 ε̇ s static strain rate of 3 · 10-5 s-1 
 log γs = 6.156 αs – 2 
 αs factor to consider the concrete grade, αs = 1 / (5 + 9 · fcs / fc0) 
 fc0 reverence value of 10 N/mm² 
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5.3 Tensile strength and fracture properties 
 
5.3.1 Tensile strength 
 
 In Fig. 5-2 the theoretical tensile strength as a function of the strain rate is represented. If 
the strain rate increases the viscosity of the matrix increases too because the aggregates crush 
cumulative. If a static load is applied on a HPC-specimen, the aggregates are destroyed as 
well as the high-strength matrix and there is no difference in the fracture mechanism in the 
case of the dynamic load.  
 

 
 
Fig. 5-2: Strain rate effects on tension of concrete according to Jensen (1993) and Reinhardt (1987) 

 
 Malvar and Crawfort (1998) also examined the tensile strength of HPC. The tensile tests 
were executed on cylinders. The dynamic increase factor ft / fts is given in Eqs. (5-3) and (5-
4). 
 

(5-3)

 

(5-4)

 
with: ft  dynamic tensile strength 
 fts static tensile strength 
 ft / fts tensile strength dynamic increase factor (DIF) 
 ε̇ strain rate in a range between 3 · 10-5 s-1 and 300 s-1  
 ε̇ s static strain rate of 3 · 10-6 s-1 
 log β = 7.11 · α –2.33 
 α factor to consider the concrete grade,  α = 1 / (10 + 6 · fcs / fc0) 
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 fc0 reverence value of 10 MPa. 
 
5.3.2 Fracture energy 
 
 The fracture energy is defined as the area under the complete displacement curve of the  
stress-crack opening, see Eq. (5-5) according to MC 90 [CEB (1993)].  
 

0

0
FG d

δ

σ δ= ⋅∫  (5-5)

  
with: δ  crack opening displacement   

 
 This energy is dissipated in friction and plastic deformation in the fracture area. Testing 
results are very scarce. It may be concluded that the fracture energy increases with increasing 
stress and strain rate.  
 
 
5.4 Modulus of elasticity 
 
 As known, the modulus of elasticity depends on the material properties of the aggregates 
and the cement. Under dynamic loads the concrete shows a stiffer behaviour which affects the 
stress-strain curve and thus the elastic modulus. The effect of the stress and strain rate on the 
modulus of elasticity may be estimated by Eq. (5-6) according to [CEB (1993)]. The concrete 
grade has no influence in this relation. 
 

 

(5-6)

  
with: ,c impE  impact modulus of elasticity 
 ciE  static modulus of elasticity 
 σ̇ c stress rate 
 ε̇c strain rate 
 σ̇ c0 = - 1.0 MPa/s 
 ε̇c0 = - 3·10-5 s-1 for compression loading 

 

 
 Dargel (1985) found out a typical development of the elastic modulus of ordinary concrete 
described as a function of the strain rate as represented in Fig. 5-3. 
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Fig. 5-3: Young’s modulus versus to the strain rate according to Dargel (1985) 
 
 
5.5 Stress-strain relation 
 
 There is a lack of information about the stress-strain relations of HPC under dynamic 
loads.  
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6 Time effects 
 
6.1 Development of strength with time 
 
6.1.1 Development of the compressive strength 
 
6.1.1.1 General 
 
 The rate at which concrete strength increases with time depends on a variety of 
parameters, in particular type and strength class of cement, type and amount of admixtures 
and additions, water/cement ratio and environmental conditions. According to CEB-FIP 
Model Code 1990 for a mean temperature of 20 °C and curing in water the relative 
compressive strength of concrete at various ages fcm(t) may be estimated from Eqs. (6-1) and 
(6-2). 
 
 fctm(t) = βcc(t) ⋅ fcm     (6-1) 
 
 with 
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 where: 
 
 fcm(t) mean compressive strength of concrete [MPa] at an age t [days] 
 fcm mean compressive strength of concrete [MPa] at an age of 28 days 
 βcc(t) function to describe the development of compressive strength with time 
 t concrete age [days] 
 t1 = 1 day 
 s coefficient which depends on the strength class of cement as given in 

Table 6-1. 
 
 

Strength class 
of cement 

32.5 32.5R 
42.5 

42.5R 
52.5 

s 0.38 0.25 0.20 
 

Table 6-1: Coefficient s to be used in Eq. (6-2) for different strength classes of cement 
 

In order to take into account the effect of the temperature during curing the actual concrete 
age should be adjusted according to Eq. (8-2) in section 8.2. 

As it will be shown in the following sections Eq. (6-2) is also appropriate for high strength 
concrete. However, since the composition of the high strength concrete often differs 
significantly from that of normal strength concrete such parameters as the water/cement ratio 
or the type of additions have to be considered additionally to the type of cement. It may be 
done by an appropriate adjustment of the coefficient s.  

The evaluation of the experimental data found in literature (the data sources are given in 
[Lerner (2000)]) by applying different formulas does not provide a better fit of the data than 
by using Eq. (6-2). Figure 6-1 shows exemplary the development of the relative compressive 
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strength of high strength concrete containing silica fume. The compressive strength of 
concrete at an age of 28 days was chosen as a reference value. Besides Eq. (6-2) two other 
formulas were applied: the relation according to Gardner & Zhao (1993) and a modification 
of Eq. (6-2), where an additional variable b was introduced instead of the exponent 0.5 (see 
the corresponding relations in Figure 6-1). For all formulas the determination coefficient B 
was found to be equal to 0.89. For some other data a minimal improvement of the accuracy 
(by approx. 1 %) was achieved using the modified formula (Eq. (6-2) with a variable 
exponent b). However, this does not justify the introduction of an additional coefficient, as 
making the relation more complex. The relation according to Gardner & Zhao (1993) 
generally provides the same accuracy as Eq. (6-2). However, it is, in contrast to the relation 
given in CEB-FIP Model Code 1990, purely empirical. Further, it does not provide the value 
of the relative compressive strength equal to 1 at an age of 28 days, which means a serious 
restriction with regard to a desired code type formulation. Further attempts to find a relation 
alternative to Eq. (6-2) showed that in comparison to this formula a better fitting can only be 
achieved by rather complex relations with more than 3 variables.  
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Fig. 6-1: Development of the relative compressive strength of concrete containing silica fume: experimental 
data and best fit curves obtained using Eq. (6-2), a modified version of it (additional variable b, instead of 
the exponent 0.5) and the formula by Gardner & Zhao (1993) 

 
Since Eq. (6-2) provides a very good fit with experimental data also for high strength 

concrete and since this formula is already well established, only this relation will be 
considered in following contemplations concerning the development of the compressive 
strength of concrete. 
 
6.1.1.2 Effect of water/cement ratio 
 
 The development of the microstructure of hydrated cement paste plays a decisive role in 
the development of the compressive strength and other mechanical properties of concrete. The 
process of microstructure formation is strongly affected by the water/cement ratio of concrete. 
With decreasing water/cement ratio the thickness of the water layer between the unhydrated 
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cement particles in a concrete mixture decreases. This means on the one hand, that cement 
particles are positioned closer to each other and less hydration products are needed to fill the 
voids and to bridge open spaces in the paste matrix. On the other hand, there is generally less 
water available for the hydration process, so that this process would slow down and finally 
stop when all mixing water is bound, chemically or physically.  

For cases of water/cement ratios below approx. 0.40, which are typical for high strength 
concrete, the mixing water is not sufficient for the complete hydration of cement. With 
decreasing water/cement ratio the process of hydration is earlier completed, while an 
increasing amount of unhydrated cement particles remains within the hydrated cement paste. 
These cement particles act as a fine filler increasing the strength of the hardened cement 
paste. Further, with decreasing water/cement ratio and increasing degree of hydration the pore 
size distribution of the paste is shifted to smaller sizes. As a result, a quicker development of 
concrete strength can be observed within the first hours and days after mixing, and higher 
absolute strength values can be measured in comparison to concrete with a higher 
water/cement ratio. 

The experimental data by Bergner (1997), shown in Figure 6-2 by symbols, clearly 
confirm these considerations. The figure shows the development of the relative compressive 
strength with time for concretes with different w/c ratios ranging between 0.25 and 0.6. No 
admixtures were used in these mixtures.  
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Fig. 6-2: Effect of water/cement ratio on the development of the relative compressive strength of concrete, 
experimental data acc. to Bergner (1997) 

 
The concretes with lower w/c ratios show a faster strength development within the first 

hours or days. For instance, the concrete with a w/c ratio of 0.25 attains 50 % of its 28-day-
strength in just 24 hours, while the relative compressive strength of the concrete with a w/c 
ratio of 0.6 at this age amounts to approx. 25 %. However, with further increasing age of 
concrete the hydration process and, correspondingly, the development of the compressive 
strength become slower, which is more pronounced in the case of concretes with a lower w/c 
ratio. 

The curves in Figure 6-2 indicate the best fits, which were obtained by applying Eq. (6-2) 
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on the data for each considered concrete (i.e. for each given w/c ratio), while the coefficient s 
was the computed variable. The average of all obtained values s is approximately 0.2, i.e. 
equal to the value given in MC 90 for the strength class of cement used in the experiments 
(42.5 R). However, when the w/c ratios typical for HSC without admixtures (i.e. w/c = 0.25, 
0.30 and 0.35) are considered, the coefficient s is smaller and, in fact for these w/c ratios, the 
values of this coefficient do not differ very much. 
 
6.1.1.3 Effect of strength class of cement 
 

The type of cement is another important factor affecting the strength development of HSC. 
Both the mineral composition of the cement clinker and the fineness of cement influence the 
hydration process. For normal strength concrete the effect of the strength class of cement is 
considered in MC 90 by the coefficient s, as given in Table 6-1. Applying Eq. (6-2) the 
analysis of experimental data by Bergner (1997) shows that at least in the case of high 
strength concrete containing silica fume (SF) as admixture the effect of the strength class of 
cement is much less pronounced. In the investigation of Bergner (1997) concretes with 
water/cement ratios between 0.25 and 0.45 were considered containing the same amount of 
silica fume of 8 % by mass of cement. The calculated value of the coefficient s obtained for 
slowly hardening cements (strength class 32.5) is close to 0.30. For normal or rapid hardening 
cements (strength class 42.5) and for rapid hardening high strength cements (strength class 
42.5 R) the values s of approx. 0.28 and 0.245, respectively, were obtained.  
 
 

0.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

1.6

0.1 1 10 100 
age of concrete t [d]

re
la

tiv
e 

co
m

pr
es

si
ve

 s
tre

ng
th

 f c
m
(t)

/f c
m
(2

8)
 [-

] 

strength class of 
cement 
 

s 

32.5 0.301 
42.5 0.279 
42.5 R 0.245 
  
  
  
  

0.5

cc
1

28ß (t) exp s 1
t / t

⎧ ⎫⎡ ⎤⎛ ⎞⎪ ⎪= −⎢ ⎥⎨ ⎬⎜ ⎟
⎢ ⎥⎝ ⎠⎪ ⎪⎣ ⎦⎩ ⎭

 

 w/c = 0.25 ÷ 0.45
 

SF/z = 8 % 

 
Fig. 6-3: Effect of strength class of cement on the development of the relative compressive strength of 
concrete, experimental data acc. to Bergner (1997) 

 
The result, that the difference between the values s for individual strength classes is 

significantly smaller, than the difference of the corresponding values given in MC 90 for 
normal strength concrete can be, at least partly, traced backto the effects of silica fume on the 
hydration process of cement [Malhotra, Carette, Sivasundaram]. 
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6.1.1.4 Effect of binding agent 
 
 Since high strength concrete often contains besides cement a considerable amount of other 
binding agents, the effect of such admixtures on the development of the concrete strength 
should be considered. Two most frequently used additives are silica fume and fly ash, both 
able to react with Ca(OH)2 in the pore solution building new CSH-phases. The gain of 
additional strength due to such pozzolanic reactions, which are relatively slow, becomes first 
remarkable at an advanced concrete age. The rate of the reaction depends on the content of 
the reactive SiO2 in the admixture, its particle size as well as on the supply of Ca(OH)2 by the 
hydration process of cement. Additionally, a certain increase of concrete strength can be 
explained by the fact, that silica fume particles, which are about 30 to 100 times smaller than 
cement grains, fill the empty spaces between cement particles increasing the denseness of 
packing, and with it the density and strength of the hardened binder paste.  

Results collected from literature (the data sources are given in [Lerner (2000)]) illustrating 
the effect of binding agent on the development of the compressive strength with time are 
presented in Figure 6-4. According to the diagram the relative compressive strength develops 
slower, when admixtures, especially fly ash, are used. However, at higher ages the increase of 
the relative strength becomes more pronounced for concretes with additional, pozzolanic 
binding agents. Again, this is most evident in the case of concretes containing fly ash. These 
tendencies also find their expression in the coefficient s in Eq. (6-2): HSC containing fly ash 
provides a maximum value s equal to 0.367, while for high strength concrete without 
admixtures a minimum value s = 0.161 was calculated. For high strength concrete with silica 
fume a value s of 0.218 was obtained, which is almost equal to the average value of this 
coefficient calculated for all tests. 
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Fig. 6-4: Effect of binding agent on the development of the relative compressive strength of high strength 
concrete 
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6.1.2 Development of the tensile strength 
 
 It is much more difficult to predict the development of the tensile strength of concrete with 
time, since it is influenced significantly by the development of shrinkage stresses which in turn 
depend on the specimen or member size and curing conditions. Since, only very few results on 
the development of the axial tensile strength for high strength concrete could be found, the 
tensile strength obtained by means of indirect tests, i.e. spitting or bend tests will be considered 
in the following.   
 
 
6.1.2.1 Development of tensile splitting strength 
 
 An advantage of the determination of the tensile strength using splitting tests is that the 
values of the tensile splitting strength are much less sensitive to curing conditions in 
comparison to other types of tension tests, because critical tensile stresses induced in the test 
act at some distance from the concrete surface [Hilsdorf (1995)]. However, the data collected 
from literature (the data sources are given in [Lerner (2000)]) for high strength concrete still 
show a pronounced scattering, see Figure 6-5. This figure illustrates the development of the 
relative tensile splitting strength fct,sp with time, with the fct,sp-value at a concrete age of 28 
days serving as reference.   
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

Fig. 6-5: Development of the relative tensile splitting strength of high strength concrete 
with time 

 
 For the mathematical description of this development two formulas were applied: Eq. (6-
2) with the coefficient s as variable, and a modification of Eq. (6-2), where an additional 
variable b was introduced instead of the exponent 0.5 (compare section 6.1.1.1). Both these 
formulas shown in Figure 6-5 proved to be equally suitable to describe the increase of the 
tensile splitting strength with time as observed in experiments. This can be recognised by the 
equal values of the determination coefficient B = 0.66 obtained for both equations. Such 
relatively low values B were achieved due to scattering of the test results. The parameter s 
was found to be equal to 0.137 which is clearly below the corresponding values for the 
compressive strength as shown in section 6.1.1. It means that in comparison to the 
development of the relative compressive strength of high strength concrete, the development 
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of the relative tensile strength is faster at early age of concrete and slower for concrete at 
higher age.  
 
 
6.1.2.2  Development of tensile flexural strength 
 

In order to determine the resistance of concrete against tensile stresses its flexural strength 
is often tested as an alternative to the axial tensile strength or tensile splitting strength. The 
flexural strength is generally higher than the axial tensile strength and strongly depends on 
the size of the beam, particularly on its depth [Müller and Hilsdorf (1993)] as well as on 
curing and drying conditions. 
 The data for high strength concrete available from literature (see [Lerner (2000)] for the 
sources of the data) are presented in Figure 6-6. Similar to the evaluation of the data for 
tensile splitting tests two formulas, Eq. (6-2) and the chosen modification of it were applied. 
Here, the modified formula provided a slightly better fit of the experimental results, than the 
original Eq. 6-2 (compare the corresponding correlation coefficients B in Figure 6-6). The 
parameter s for Eq. (6-2) was found to be equal to 0.152, which is slightly higher than the 
corresponding value for the tensile splitting strength. This indicates, that the flexural strength 
develops to some extent slower than the tensile splitting strength of high strength concrete.  
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Fig. 6-6: Development of the tensile flexural strength with time 

 
 
6.2 Strength under sustained loads 

 
Investigations of normal strength concrete show that the tensile strength is reduced by up 

to 40 % according to loading age and surroundings. The formation of microcracks which are 
initiated by stress from load, temperature or shrinkage and finally lead to instable crack 
propagation is responsible for the delayed failure. On the other hand the progressing 
hydration increases the strength; if there is enough water, microcracks may even be closed. 
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As the micro structure of normal strength concrete and high strength concrete differs 
considerably it can be assumed that the findings of the research on normal strength concrete 
cannot be adapted to high strength concrete without further investigation. 

The volume of pores of high strength concrete is, due to the use of silica fume which is a 
filler as well as a reaction partner, substantial smaller than that of normal strength concrete. It 
can be assumed that creep is associated with microcracks and their propagation. These 
microcracks exist in the form of damages before any application of load [Guse, Hilsdorf 
(1998); Altoubat, Lange (2002)] or they can arise and grow during loading. The stress 
intensity (K-factor) at the crack tips increases and in course of time, with an appropriate load, 
cracks can propagate and lead to failure. Due to the small volume of pores or the dense 
structure respectively, HSC have much less damages and cracks before loading and the creep 
behavior is therefore more restrained. 

 
 

6.2.1 Long-term compression tests 
 
A summary of results of creep tests under compression load (1971 to 1994) [Setunge 

(1997)] shows that the creep coefficient generally decreases with an increase of concrete 
strength. This effect shows up also in connection with an increase of the silica fume content 
or a decrease of the water/cement ratio. The creep coefficient highly depends on the stress 
level. Creep coefficients of ϕ  = 1.0 to 1.8 are measured for a compressive strength of fcm = 80 
MPa. 

Creep tests under high stress levels which lead to failure after a certain time are described 
in [Han, Walraven (1993)]. Prisms of compressive strengths fcm = 110-120 MPa are herein 
investigated. The long-term strength under compression and tension is measured. The prisms 
for the compression tests (100⋅100⋅400 mm³) failed after 0.5 to 2.5 hours under a normalized 
compression load of σc / fcm = 85 %. For a compression load of 75 % no failure is observed 
after 2.5 days. An ultimate long-term compressive strength of 80 % is predicted based on the 
test results. 

 
 

6.2.2 Long-term tensile tests 
 
Tensile creep and drying shrinkage tests on concrete partly containing silica fume and 

steel fibers showed high creep values which can help to reduce restraint stresses in repair 
layers for example [Bissonnette, Pigeon (1995); Bissonnette, Pigeon (2000)]. The 
measurements were performed on prisms (50⋅50⋅700 mm³ for the creep tests, and 50⋅50⋅400 
mm³ for the shrinkage tests) up to a compressive strength class C55/67. There was only little 
influence of the silica fume content on the creep behaviour. Other investigations of dog bone 
shaped specimens at an age of up to 6 days generally show a larger creep of silica fume 
containing concrete compared with ordinary concrete [Kovler et al. (1999); Igarashi et al. 
(2000)] 

 
 

6.2.2.1 Test set-up 
 
Dog bone shaped specimens have been found most suitable to carry out long-term tensile 

tests on un-notched specimens. The tensile load is applied by cast-in anchors or glued-on 
fasteners with hinges. Creep rigs with a lever and an adjustable dead weight are often used to 
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load the specimens for any duration (Figure 6-7). Shrinkage should be measured on 
companion specimens of the same shape. 

 
Fig. 6-7: Creep rig (steel construction) with balancing weight and a lever with a leverage of η = 20:1 
[Rinder (2003)] 
 
 

6.2.2.2 Creep under high stress 
 
Applying the load, elastic deformations take place followed by the primary creep. On the 

basis of already existing microcracks [Heinrich et al. (1999)] and numerous crack nuclei, 
damages can propagate and expand in the matrix. This process however is stopped due to 
stress redistribution to zones of higher strength and stiffness. This is the reason for a 
decreasing course of creep which then, after a few days, becomes the linear secondary creep 
(Figure 6-8). Generally the measured deformations differ from a linear function. These 
differences are caused by formation of microcracks and hydration processes which can lead to 
an additional shrinkage under load [Rinder (2003)]. The long lasting section of secondary 
creep is determined by stress redistributions which cause sliding motions between gel 
particles which is measured as a global increase of strain. These processes are stopped by the 
strength development of concrete if the load is representing a subcritical value. In case of a 
critical load, local stress concentrations lead to further crack propagation and finally to failure 
of the specimen. The creep deformations progressively increase just before the delayed failure 
occurs. This section, the tertiary creep, is influenced by a supercritical accumulation of 
microcracks in the zone of the later fracture. 
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Fig. 6-8: Total strain as function of loading time; concrete C70/85 (σct = 4.38 MPa, σct / fctm = 0.90); 
primary (I), secondary (II), and tertiary creep (III) [Rinder (2003)] 
 
 

6.2.2.3 Times to failure 
 
Long-term tensile tests with double-sided notched prisms (100⋅100⋅250 mm³, fcm = 110-

120 MPa) are described in [Han, Walraven (1993)]. The ultimate long-term tensile strength is 
75 % of the short-term tensile strength. The test results of long-term tests with dog bone 
shaped specimens (l = 700 mm) of different concretes (fcm = 76-114 MPa) allow also to 
predict a strength under sustained loading of about 75 % of the short-term tensile strength. At 
higher loadings failure can occur even after a short time which is partly explained by the large 
scatter of the material properties [Rinder (2003)]. On the average the long-term tensile 
strength of the foil wrapped specimens even amounts to 85 % which is attributed to the 
eigenstress reducing effect of the foils. Many of the specimens failed unexpectedly early. 
Only after removing the short times to failure of tS ≤ 1 d from the diagram a tendency shows 
up which goes well with the known results of normal strength concrete (Figure 6-9). The 
large scatter of the times to failure is caused by the material properties of high strength 
concrete and essentially comes from the fact that the actual tensile strength of the individual 
specimen is not known but has to be estimated from the results gained by short-term tests. 

The regression calculation leads to for the best relationship between normalized tension 
and time to failure: 

 

( )ln ct
S

ctm

t a b a b r
f
σ

= + ⋅ = + ⋅  (6-3)

 
with the parameters a = 88.4 und b = -84.0 (tS in sec). The statistic evaluation of the test 

results, by assuming a normal distribution, leads to a variation of lntS = ± 7.4 for the 90 % 
quantile interval. 
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Fig. 6-9: Time to failure of high strength concrete specimens under sustained tensile load [Rinder (2003)] 
 
A substantially better correlation can be reached between the secondary creep rate and the 

time to failure. The secondary creep is given by the inclination of the creep curves after the 
shrinkage strain has been subtracted from the total strain. The smaller scatter is due to the fact 
that creep rate and time to failure has been determined on the same specimen (Figure 6-10). 
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Fig. 6-10: Time to failure as a function of the secondary creep rate ε̇ II (  → run out) [Rinder (2003)] 
 

The regression calculation for the equation: 
 
 

ε̇  = c · t d
S (6-4)
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yields the parameters c = 823 and d = -0.939 for the test results. After inserting these 
parameters and applying the logarithm 
 

ln ts = 7.15 – 1.06 ln ε̇ (6-5)
 

the range for the 90 % quantile interval amounts to lntS = ± 1.1. 
 
 

6.2.2.4 Development of tensile strength and Young’s modulus under stress 
 
The strength and the Young’s modulus of high strength concrete are developing 

considerable fast. After 7 days already 85 % of the compressive strength and 90 % of the 
Young’s modulus of the 28 days values are reached [Yang et al. (1998)]. But with the 
ongoing hydration of the cement silica fume matrix even in concrete with an extremely low 
water content a further increase of the strength takes place during long periods of time. So a 
moderate increase of compressive strength is still measured even after a hardening time of 10 
years. In a long-term observation [Maage et al. (1990)] there was a mean compressive 
strength of 110 % determined after one year and of 120 % of the compressive strength of 28 
days after 10 years. 

Comparing load free specimens with specimens which were loaded during long periods, a 
tendency of strength increase as a result of the loading shows up (Figure 6-11). The concrete 
solidification by a preloading was already found in tensile tests with normal strength concrete. 
The strength increase can be explained by a reduction of stress concentrations due to creep 
[Wittmann, Zaitsev (1974)]. Another explanation is, that water can diffuse through widened 
microcracks under load and so hydration processes can be initiated again [Blaschke et al. 
(1993)]. 
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Fig. 6-11: Tensile strength related to the tensile strength at an age of 28 days (silica fume containing 
concrete C57/65 – C90/105); the bigger symbols represent mean values) [Rinder (2003)] 
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For the Young’s modules the relation between preloaded and not loaded specimens is, as 
expected, the other way round (Figure 6-12). Load free specimens experience on the average 
a slight increase of stiffness, whereas the stiffness of loaded specimens obviously decreases in 
the course of time. 
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Fig. 6-12: Young’s modulus related to the Young’s modulus at an age of 28 days (silica fume containing 
concrete C57/65 – C90/105); the bigger symbols represent mean values) [Rinder (2003)] 
 
 

6.2.2.5 Tensile creep in comparison with compression creep 
 
For load ratios r > 0.50 the creep deformations increase more than proportional compared 

to the tension which has to be taken into account when different test results are evaluated. The 
influence of the concrete age at loading on the creep is of particular interest for prestressed 
concrete. 

Test results of compression creep tests on high strength concrete are generally published 
as creep coefficient: 

 

( )0, elastic shrinkage creep

elastic elastic

t t
ε ε ε ε

ϕ
ε ε

Σ − −
= =  (6-6)

 
The observation, that creep under tension is larger than creep under a corresponding 

compression load [Setunge (1997)] cannot be confirmed, also not for high strength concrete 
[Rinder (2003)]. Creep coefficients of tensile creep tests are similar to or even smaller than 
the creep coefficients of compression creep tests (Figure 6-13). 
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Fig. 6-13: Creep of high strength concrete under compression in comparison with tensile creep of high 
strength concrete (1)C55/67, 2)C90/105); no failure within the observation time; for further details see Table 
6-2 [Rinder (2003)] 
 
 

Reference fcm (MPa) r 
de Larrard, Acker (1992) 83.3 0.26 
Han, Walraven (1997) 100.0 0.15-0.50 
Pesch (1997) 108.9 0.40 
Rinder (2003) 70.0-93.4 0.80-0.85 

 
Table 6-2: Compressive strength and stress level in Figure 6-13 
 
 

6.2.3 Damage mechanisms and failure under sustained loads 
 
The differences in the structures of high strength and normal strength concrete discussed 

above are the higher stiffness of the cement matrix, whereby the stiffness difference between 
cement matrix and aggregates is reduced, the higher tensile strength of the hardened cement 
paste and the importantly higher bond strength between hardened cement paste and aggregate 
grains. Cracks which already exist before any loading occurs, are less numerous and on the 
average smaller than in the case of normal strength concrete. Due to these aspects high 
strength concrete is more brittle and elastic than normal strength concrete. This means from 
the view of fracture mechanics for normal strength concrete with its very different crack 
lengths; since longer cracks reach rather a critical state than shorter cracks, that already in an 
early stage of load a continuous crack propagation gets started, which shows up in the stress-
strain curve. The shorter cracks in the structure of high strength concrete grow only at 
loadings close to the ultimate load. The stress is approximately evenly distributed to all cracks 
what leads to a sudden, brittle failure. The effect which is caused by the distribution of the 
different crack lengths is, in the case of normal strength concrete, restrained by the crack 
stopping effect of the relative weak and partially separated transition zone between cement 
matrix and aggregate grain. In this zone a further dissipation of energy besides the fracture 
surface energy takes place. In the further process the crack is normally diverted from its 
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original direction and led around the aggregate grain. In high strength concrete the 
propagating cracks are running directly through the aggregate grains. This contributes again 
to brittle fracture behaviour [Reinhardt (2000)]. 

Investigations with X-ray technology on cylinders under long-term compression show 
differences in the cracking between normal strength and high strength concrete [Smadi, Slate 
(1989)]. Generally there were, both before and during the load, much less cracks observed in 
high strength concrete than in normal strength concrete. A considerable crack development 
was observed only from a level of 80 % of the compressive strength (at normal strength 
concrete from 75 %). The cracks mainly occur for both types of concretes in the bonding zone 
between aggregates and cement matrix. Only a short time before failure, more and more 
increasing cracks in the cement matrix can be observed. This is characteristic for the tertiary 
creep phase with instable crack growth. 

The observation of cracks within the bonding zone between aggregates and matrix seems 
to stand in contradiction to the fact that especially in high strength concrete this zone has an 
improved strength. The strength increasing effect becomes dominant with the use of a 
pozzollanic binding agent such as silica fume. Since in high strength concrete – independent 
of the storage conditions or other curing methods – shrinkage due to self desiccation takes 
place and the matrix restrains itself around the not shrinking aggregate grains. Because of that 
the matrix near the coarse grains is tensioned which can be relaxed by microcracks. 

Numerous smallest cracks already exist, as previously mentioned, before a load is applied. 
Under a high tension load, which does not lead to immediate failure, stress concentrates near 
the cracks at the crack tips, which can cause crack propagation. In small zones of lower 
tensile strength caused by inhomogenities of the material, new cracks can be formed as a 
result of creep procedures of the surrounding matrix. Critical conditions are soon reached due 
to the high matrix strength. The fast accumulation of microcracks causes a sudden failure. 
The cracks run around the smaller aggregate grains which means a small change of direction 
and length of the crack. Coarse grains remain so strongly bonded with the matrix that they 
crack which is different from normal strength concrete. 

 
 

6.2.4 Calculation methods 
 
For each specimen there is a load limit, which is much lower than the ultimate short-term 

load, at whose excess a crack growth begins, which consumes the strength increase caused by 
hydration. Without any further increase of loading, after a certain time the cracks 
progressively grow which leads to failure. This means also that lower loads than this load 
limit can be sustained permanently. Between the load limit and the ultimate short-term load 
there is the range of long-term tensile strength. A special case of long-term tensile strength is 
the ultimate long-term tensile strength with a time to failure tS → ∞  at which no delayed 
failure occurs. The critical period however is only the period, during which a high influence 
of water consumption and transport in the concrete takes place. 

 
 

6.2.4.1 Empirical approximation method 
 
The calculation formula has to account for the lower limit of the (theoretical) shortest time 

tS = -tK the value r(-tK) = ∞ for the load ratio, since in this case the speed of load application 
would have to be unrealistically high. For an infinite time to failure the load ratio becomes the 
ultimate long-term strength: r (t → ∞) → rU . A simple formula, which fulfills these boundary 
conditions, is [Rinder (2003)]: 
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where: r load ratio (loading level) r = σ / fctm 
 rU load ratio of ultimate long-term tensile strength 
 tS time to failure 
 tK time to failure in the short-term tensile tests 
 n parameter to fit the curve to the test results 
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Fig. 6-14: Graphical representation of Eq. 6-7 [Rinder (2003)] 
 
With the empirical method and test results of normal strength and high strength concrete 

under sustained tensile load, the ultimate long-term tensile load ratio can be shown as a 
function of the compressive strength (Figure 6-15). 
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Fig. 6-15: Mean ultimate long-term tensile strength related to the short-term tensile strength as a function 
of the compressive strength [Rinder (2003)] 
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6.2.4.2 Energy failure criterion 

 
Based on Griffith’s equation 

 

,
c

ct cr
2E

a
γσ

π
⋅

=  (6-8)

 
where: σct,cr ultimate tensile stress 
 Ec Young’s modulus 
 γ specific surface energy; for normal strength concrete γ ≈ 0.4 N/m [Frénaij 
  (1989)] 
 a half crack length 

 
Wittmann [Wittmann, Zaitsev (1974)] developed an equation for the relationship of long-term 
to short-term tensile strength, considering the temporal change of the material properties: 
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where: m(t,t0) factor for an increase of strength due to preloading; m = 1.00 – 1.35. 
  Here m = 1.00 
 fct(t) tensile strength at time t 
 fct(t0) tensile strength at time of load t0 
 Ect(t0) Young’s modulus at time of load t0 
 Ect(t) Young’s modulus at time t 
 ϕ(t,t0) Creep coefficient 
 

If the development of strength and Young’s modulus and the creep behaviour of a 
concrete specimen are known, the related times to failure can be determined. Absolute 
material properties enter only indirectly into the equation. 

From this energetic consideration it follows that due to the interaction of creep and 
strength development, the ultimate long-term strength comes to a minimum after 
approximately 30 days. If this critical phase is overcome without failure, the strength 
development exceeds the deterioration caused by load. This means for a structural element of 
high strength concrete under high constant sustained load that it will fail either within a few 
weeks or not at all. 

 
 

6.2.4.3 Crack propagation and damage accumulation 
 
According to the failure criterion of the K-concept of linear elastic fracture mechanics, a 

material fails, when the stress intensity factor K in the environment of the crack tip of the 
decisive crack reaches the critical value Kc. This characteristic material property can 
experimentally be determined. In short-term tests with a monotonic growing load, Kc is 
usually reached without a substantial elongation of cracks [Franke (1984)]. But under a 
constant sustained load, not too much below the short-term failure load, crack lengths are 
growing at an increasing rate. After a certain time the critical stress intensity is reached by the 
progressive deterioration of the remaining cross section and failure occurs. The crack 
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propagation rate da/dt is described by Paris’ equation which was originally developed for 
fatigue: 

 

( )n
I

da A K t
dt

= ⋅  (6-10)

 
where: A, n factors which depend on the material properties and the load ratio r 
 KI stress intensity factor of the decisive defect for crack opening mode I 
 
When the K-concept applies: 
 

( ) ( )= ⋅ ⋅σ πI ctK t y a t     or    0= ⋅ ⋅πIc ctK f y a  (6-11)
 
where: σct tensile stress 
 y factor which depend on the geometry of the specimen and the crack 
 a(t), a0 effective crack lengths 
 fct tensile strength 

 
This formula, which is valid for the case that the zones of nonlinear material behaviour at 

the crack tips are small in relation to the crack lengths and the specimen size, can be used for 
cement-based materials [Alonso Junghanns (1998)]. Using the above equations, after solving 
the differential equation, to formulate 
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for the time to failure ([Franke (1984)]) it follows: 
 

( ) ( )2

1

1 1 n
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B r
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 (6-13)

 
where: KIc fracture toughness KIc = KI (tS) 
 B1 characteristic value of the material/construction element 

 
The material property B1 can be determined from long-term tests. For high strength 

concrete the coefficients become B1 = 0.01/s and n = 75 [Rinder (2003)]. The different 
approximation methods are plotted in Figure 6-16. 
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Fig. 6-16: Comparison of the different approximation methods to calculate the time to failure applied to test 
results [Rinder (2003)] 
 
 
The approximation methods do not show realistically the so often very small difference 

between the loads, which lead either to very early failure or to an infinitely long time to 
failure. A load does not lead to failure if the tensile strength development exceeds the 
degradation of the specimen at each time. At a slightly higher load however, delayed failure 
conditions can be approached, since the loss of strength due to load and the loss of strength 
due to shrinkage are added (Figure 6-17). This loss of strength due to shrinkage (intrinsic 
damage) depends on the size of the coarse aggregates, the water cement ratio, and the 
characteristics of the cement silica fume mixture. 
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Fig. 6-17: Exemplary schematic representation of the development of tensile strength, the damage process, 
and the loading [Rinder (2003)] 
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An uncertainty whether the ultimate long-term tensile strength of high strength concrete is 
lower due to its high brittleness, than expected after the measurements on normal strength 
concrete, does exist [Rinder (2003)]. The relation between short-term and ultimate long-term 
strength is represented in Table 6-3. 

 
 NSC HSC 
fcm (MPa) 40 80 
Compression 65 % 80 %1) 
Tension 60 % 75 %1) 

1) acc. to [Han, Walraven (1993)] 
 
Table 6-3: Mean values of ultimate long-term tensile strength of normal strength and high strength normal 
concrete 
 
The ultimate long-term tensile strength for specimens wrapped in foil can be as high as 

85 % of the average [Rinder (2003)]. That means that in some cases, e.g. large structural 
elements, a higher ultimate long-term tensile strength than given in Table 6-2 can be assumed. 

 
 
6.3 Development of the modulus of elasticity with time  
 
 At the early concrete age the modulus of elasticity develops more rapidly than the 
compressive strength, because Ec(t) is to a large extent controlled by the modulus of elasticity of 
the aggregates which is independent of concrete age. In CEB-FIP Model Code 1990 this is taken 
into account introducing by Eqs. (6-14) and (6-15) which posses an additional exponent 0.5 in 
comparison with Eqs. (6-2). 
 
 Eci(t) = βE(t) ⋅ Eci (6-14) 
 
 with 
 βE = [βcc(t)]0.5 (6-15) 
 

where: 
 
 Eci(t) tangent modulus of elasticity of concrete [MPa] at an age t [days] 
 Eci tangent modulus of elasticity of concrete [MPa] at an age of 28 days acc. to Eq. 

(4-1) 
 βE(t) function to describe the development of modulus of elasticity with time 
 βcc(t) coefficient acc. to Eq. (6-2) 
 t concrete age [days]. 

 
 The British code (BS 8110) provides the following formula for ages of concrete t > 3 
days: 
 

 cm,t
c,t co,28

cm,28

f
E E 0.4 0.6

f
⎛ ⎞

= + ⋅⎜ ⎟
⎝ ⎠

   (6-16) 

 
 Figure 6-18 shows the experimental data representing the development of the relative 
modulus of elasticity of high strength concrete with time. The modulus of elasticity at an age 
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of 28 days was considered as reference. In order to describe this process besides Eqs. (6-15) 
and (6-16), a modification of Eq. (6-15) was applied by introducing an additional variable b 
instead of the exponent 0.5 for the calculation of the term βcc(t) according to Eq. (6-2), see 
Figure 6-18. All three formulas seem to be suitable to describe with sufficient accuracy the 
tendencies observed experimentally. However, the well established and physically sound Eq. 
(6-4) should be preferred. The parameter s in the term βcc(t) according to Eq. (6-2) was found 
to be equal to 0.199. This value is practically identical to the value s proposed in CEB-FIP 
Model Code 1990 for rapid hardening high strength cements (s = 0.2) or to the average of all 
values s obtained for the compressive strength of high strength concrete without admixtures 
(see section 6.1).  
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Fig. 6-18: Development of the modulus of elasticity with time 

 
 
6.4 Creep and shrinkage 
 
6.4.1 Introduction 
 

Practical prediction models for creep and shrinkage of normal strength concrete have been 
available since various decades. Some of the most widely used actual models were issued by 
the Committee Euro-International of Concrete [CEB No. 213/214 (1993)]. They cover the 
time dependent behaviour of ordinary normal strength structural concrete. For high-
performance concrete (compressive strength fcm > 60 MPa), which is increasingly used in 
practice, some particular prediction models have been developed recently, see e.g. [Müller, 
Küttner (1996), Le Roy, De Larrard, Pons (1996), Han, Walraven (1996)]. One of the 
deficiencies of these models is that they cover only the behaviour of high-performance 
concrete and no continuity in combination to the deformation prediction of the models for 
ordinary concrete is obtained. However, as the fundamental characteristics in the deformation 
behaviour of normal strength and high-performance concrete are very similar, preference 
should be given to the development of those approaches which allow for predictions, both for 
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normal and for high-performance concrete. Such new models for shrinkage and creep will be 
presented in this chapter. 

Based on test data included in the RILEM Data Bank [RILEM TC 107 (1998)], the 
relevant characteristics of the creep and shrinkage of high-performance concrete are reviewed 
in comparison to the behaviour of normal strength concrete with respect to the constitutive 
modelling of the time-dependent material properties. It will be demonstrated that prediction 
models for normal strength concrete cannot simply be applied and extended to predict the 
creep and shrinkage of high-performance concrete. However, it will be pointed out that well-
established principles and concepts in modelling creep and shrinkage may be kept, and 
consequently a unified approach to model creep and shrinkage of normal strength and high-
performance concrete may be derived on the basis of the relations given in the CEB-FIP 
Model Code 1990 [CEB No. 213/214 (1993)].  
 
6.4.2 Definitions and general considerations 
 

If thermal strains are neglected, the total strain of concrete εc(t,t0) occurring at time t in a 
concrete member exposed to a certain ambient climate and subjected to a sustained uniaxial 
stress at time t0 may be expressed by Eq. (6-17): 
 
 ( ) ( ) ( ) ( )scscccisc tt  tt,  t ttt, ,, 000 εεεε ++=  (6-17)
 
where εc(t,t0,ts) = total strain of concrete; 

εci(t0)  = initial strain of concrete at time of stress application t0; 
εcc(t,t0) = creep strain of concrete at a concrete age t ≥ t0; 
εcs(t,ts) = shrinkage at a concrete age t; 
t   = time considered or age of concrete, respectively; 
ts   = concrete age at the beginning of drying; 
t0   = age of concrete at loading. 

 
The definitions for the individual strain components given above are in accordance with 

those given in the CEB-FIP Model Code 1990 [CEB No. 213/214 (1993)]. Figure 6-19 
indicates graphically the individual strain components. Corresponding equations to predict the 
individual strain components will be given in sections 6.4.3.2 and 6.4.4.2. 

The shrinkage and creep behaviour of concrete is affected both by external factors such as 
the ambient climate, the size of member and also the age of loading for creep, and by internal 
factors such as the material properties of the phases of concrete and its composition. Details 
may be found in [CEB No. 213/214 (1993)]. Some further information are also given in 
sections 6.4.3.1 and 6.4.4.2, respectively. 

Considering the internal factors, the microstructure of the hardened cement paste matrix 
has a significant effect on the shrinkage and creep characteristics. Hence, microstructural 
changes which are associated with the transition from normal strength to high-performance 
concrete result in pronounced changes of the shrinkage and creep characteristics. High-
performance concrete (HPC) shows above all a much lower porosity, a more uniform 
hardened cement paste matrix and a different and denser structure of the aggregate paste 
interface zone than normal strength concrete (NSC) [Müller, Rübner (1995)]. Primarily due to 
the low porosity of the hardened cement paste matrix of high-performance concrete, which is 
associated with a high stiffness, the magnitude of the shrinkage and the creep deformation is 
reduced in comparison with normal strength concrete. In particular, those shrinkage and creep 
characteristics which may be linked to diffusion-type processes are markedly different for 
high-performance concrete.  
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Fig. 6-19: Individual strain components of creep and shrinkage 

 
A decisive question in modeling creep and shrinkage concerns the choice of input 

parameters, i.e. the type and number of parameters affecting creep and shrinkage. The input 
parameters of the new prediction models are identical to those of [CEB No. 213/214 (1993)]. 
There, the compressive strength of concrete at the age of 28 days is used as the only input 
material parameter which, as a substitute, takes into consideration the effect of the 
composition of the concrete. Using this concept, parameters such as the water-cement ratio, 
the aggregate content and the type and amount of additions such as silica fume or fly ash, 
which are often used for high-performance concrete, are not taken into consideration. The 
reason is that in most practical situations the engineer only knows the strength at the stage of 
design but has no information on the mentioned parameters. Nevertheless taking into account 
only the compressive strength represents a rather crude approach; for high-performance 
concrete the consideration of the silica fume content as an additional parameter might 
improve the prediction accuracy. However, in view of the scattering of the data and the lack 
of systematic investigations, respectively, and considering the general uncertainty associated 
with the prediction of concrete deformations, such a simplified approach is reasonable and 
justified, at least for simple code-type prediction models [CEB No. 199 (1990)]. 

The models for shrinkage and creep presented here are intended to predict the time-
dependent mean cross-section behaviour of a concrete member taking into account the 
average relative humidity and member size. Such types of models imply some strong 
simplifications and suffer from a number of basic weaknesses [CEB No. 199 (1990)]. 
However, they are sufficiently accurate and comply with the practical needs in most cases. 
Nevertheless in very few cases a more accurate point by point analysis of the cross-section 
e.g. on the basis of a finite element approach, where local stresses and moisture states as well 
as local cracking are taken into account, has to be carried out. Related material laws may be 
derived to some extend by means of the models presented below.   
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6.4.3 Shrinkage 
 
6.4.3.1  Constitutive characteristics of shrinkage 
 
Total shrinkage of concrete may be subdivided into the components 
 

-  capillary or plastic shrinkage, occurring in fresh concrete due to an early loss of water; 
-  chemical shrinkage, caused by the chemical reaction of cement and water; 
- autogenous shrinkage, which is mostly understood as the sum of the components 

chemical shrinkage (see above) and self-desiccation shrinkage resulting from the 
internal drying due to the hydration process; 

-  drying shrinkage, caused by the water loss of hardened concrete in a dry environment; 
-  carbonation shrinkage, which is due to the carbonation of the surface zone of concrete. 

 
Capillary shrinkage may be simply avoided, while the other components of total shrinkage 

occur under usual ambient conditions to which concrete members are exposed. However, 
carbonation shrinkage contributes only minor to the total shrinkage and may be neglected. 
Also chemical shrinkage must not be considered in practice, as it may not be separated from 
autogenous shrinkage, i.e. the observed autogenous shrinkage of a sealed non-drying 
specimen includes always a certain amount of chemical shrinkage [Neville (2000)]. 

While autogenous shrinkage is small for ordinary concretes, it increases significantly for 
high-performance concrete. Consequently, this component of shrinkage, which occurs 
irrespective of the ambient climate conditions, has to be considered adequately in a 
corresponding prediction model. Figure 6-20 indicates schematically the time-development of 
autogenous and drying shrinkage in normal strength and high-performance concrete. 

From Figure 6-20 and further experimental results included in [RILEM TC 107 (1998)] 
(see Table 1) the following main characteristics for the shrinkage of high-performance 
concrete in comparison with ordinary concrete may be observed: 
 

• The total shrinkage, i.e. the sum of autogenous shrinkage and drying shrinkage is 
lower for HPC than for NSC. 

• The drying shrinkage component is substantially reduced for HPC, while the 
autogenous shrinkage component is significantly increased. 

• The shape of the time-development function of the total shrinkage for HPC is similar 
to that of NSC. The autogenous shrinkage component, being independent of external 
parameters, develops more rapidly with time than the drying shrinkage component 
which is pronouncedly affected by external parameters such as the ambient humidity 
and member size.  

• The effect of parameters such as e.g. the age at beginning of drying and the type of 
cement on the development of shrinkage is different for HPC in comparison with NSC. 
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Fig. 6-20: Time-development of autogenous and drying shrinkage in normal strength and high-performance 
concrete 
 
Experimental investigations give a clear evidence that the autogenous shrinkage 

component increases with decreasing water-cement ratio, i.e. increasing strength of concrete 
[Le Roy, De Larrard (1993), Persson (1998)]. This is mainly due to the well-known effect of 
self-desiccation which leads to an internal relative humidity in a concrete member signifi-
cantly below 1.0, depending on the water-cement ratio. Consequently, for a high-strength 
concrete (e.g. fcm > 100 MPa) no shrinkage but a swelling effect may occur, if the ambient 
relative humidity is comparatively high (e.g. RH > 0.90). 

An important aspect related to the magnitude and time-development of shrinkage concerns 
the effect of mineral additions such as e.g. silica fume and fly ash. From various papers 
[Tazawa (1998)] it is evident that the addition of silica fume increases the autogenous 
shrinkage component, whereas the addition of fly ash obviously reduces load-independent 
strains for comparable concretes. 
 
 
6.4.3.2  Shrinkage prediction formulas 

 
With respect to the findings for high-performance concrete (see section 3.1) the new 

approach for shrinkage subdivides the total shrinkage into the components autogenous 
shrinkage and drying shrinkage. While the model for the drying shrinkage component is 
closely related to the approach given in [CEB No. 213/214 (1993)], for the autogenous 
shrinkage new relations had to be derived. However, some adjustments have also to be carried 
out for the drying shrinkage component as the new model should cover both, the shrinkage of 
normal and high-performance concrete, and consequently the autogenous shrinkage has also 
to be modelled for normal strength concrete. 

The following formulas have been numerically optimized using the data sets on shrinkage 
included in the RILEM Data Bank (see Table 6-4).  
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type of 
deformation 

number of 
references 

number of 
tests 

range of 
fcm [MPa] 

max silica fume 
content [%] *) 

autogenous 
shrinkage 

4 33 60 .. 105 8.7 

drying shrinkage 11 45 17 .. 111 17.6 

*) percentage of the cement content 
 

Table 6-4: Shrinkage data on high-performance concrete included in [RILEM TC 107 (1998)] 
 
 
The total shrinkage of concrete εcs(t) may be calculated from Eq. (6-18): 
 
 ( ) ( ) ( )scdscasscs tt  t tt ,, εεε +=  (6-18)
 
with 
 ( ) ( ) ( )t f t ascmcascas βεε ⋅= 0  (6-19)
 
and 
 ( ) ( ) ( ) ( )sdsRHcmcdsoscds tt RH ftt −⋅⋅= ββεε ,  (6-20)
 
where εcs(t,ts) = total shrinkage at time t;  

εcas(t)  = autogenous shrinkage at time t; 
εcds(t,ts) = drying shrinkage at time t; 
εcaso(fcm) = notional autogenous shrinkage coefficient from Eq. (6-21); 
εcdso(fcm) = notional drying shrinkage coefficient from Eq. (6-23); 
βas(t)  = function to describe the time-development of autogenous shrinkage, from 

Eq. (6-22); 
βRH(RH) = coefficient to take into account the effect of rel. humidity on drying 

shrinkage, from Eq. (6-24); 
βds(t-ts) = function to describe the time-development of drying shrinkage, from Eq. 

(6-25); 
t   = concrete age [days]; 
ts   = concrete age at the beginning of drying [days]; 
t-ts   = duration of drying [days]. 

 
The autogenous shrinkage component εcas(t) according to Eq. (6-19) may be estimated by 

means of Eqs. (6-21) and (6-22):  
 

 ( )
.2 5

6cm cm0
cas0 cm as

cm cm0

f ff 10
6 f f

ε α −⎛ ⎞
= − ⋅⎜ ⎟+⎝ ⎠

 (6-21)

and 

 ( )
.

exp
0 5

as
1

tt  = 1 - -0.2  
t

β
⎛ ⎞⎛ ⎞
⎜ ⎟⋅ ⎜ ⎟⎜ ⎟⎝ ⎠⎝ ⎠

 (6-22)
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where fcm  = mean compressive strength of concrete at an age of 28 days [MPa]; 
fcm0  = 10 MPa; 
t1   = 1 day; 
αas = coefficient which depends on the type of cement, see table 6-5. 

 
The autogenous shrinkage component is independent of the ambient humidity and of the 

member size and develops more rapidly than the drying shrinkage. 
 

 For drying shrinkage εcds(t,ts) according to Eq. (6-20), the subsequent Eqs. (6-23) .. (6-
26) may be applied: 
 
 ( ) ( ) ( )[ ] 10  ff  -   110 + 220  = f -6

cmcmdsdscmcds ⋅⋅⋅⋅ 0210 exp ααε  (6-23)
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0.1
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where αds1, = coefficient which depends on the type of cement, see table 6-5; 

 αds2 = coefficient which depends on the type of cement, see table 6-5; 
   βs1  = coefficient to take into account the self-desiccation in high-performance 

concrete; 
 RH = ambient relative humidity [%]; 
 RH0 = 100 %; 
 h  = 2Ac/u = notional size of member [mm], where Ac is the cross-section [mm2] 

and u is the perimeter of the member in contact with the atmosphere [mm]; 
 h0  = 100 mm; 
 fcm0 = 10 MPa. 

 
According to Eq. (6-24) for normal strength concretes swelling is to be expected if the 

concrete is exposed to ambient relative humidity near 99 %. For higher strength grades 
swelling will occur already at lower relative humidities because of the preceding reduction of 
the internal relative humidity due to self-desiccation of the concrete (see section 6.4.3.1). 
 

type of cement according to EC 2 αas αds1 αds2 

SL 
  N, R 

RS 

800 
700 
600 

3 
4 
6 

0.13 
0.12 
0.12 

 
Table 6-5: Coefficient according to Eq. (6-21) and Eq. (6-23) 
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The model for shrinkage presented above is intended to predict the time-dependent mean 
cross-section behaviour of a concrete member moist cured at normal temperatures not longer 
than 14 days and exposed to a mean ambient relative humidity in the range of 40 to 100 % at 
mean ambient temperatures from 10 °C to 30 °C. It is valid for normal-weight plain structural 
concrete having an average compressive strength in the range of 15 ≤ fcm ≤ 120 MPa.  
 
 
6.4.3.3  Accuracy of shrinkage prediction 
 

The new model for shrinkage of normal strength and high-performance concrete has been 
verified in detail on the basis of experimental data included in the available data base 
[RILEM TC 107 (1998)]. 

The accuracy of the new prediction model is graphically illustrated in Figure 6-21. It is 
obvious from this figure that the prediction model agrees reasonably well with experimental 
data. However, such a comparison of predicted and measured time-dependent strains is 
somewhat arbitrary due to the selection of the data sets. An unbiased overall accuracy of a 
prediction model may be estimated by means of the coefficient of variation which can be 
determined according to a procedure being well documented in the literature [CEB No. 199 
(1990)].  
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Fig. 6-21: Predicted and observed shrinkage strains 
 
Table 6-6 gives coefficients of variation for the shrinkage strain, for both normal and 

high-performance concrete. The obtained values indicate that the prediction model is in a 
reasonably good agreement with measured strain data. Note that the somewhat higher value 
of V for autogenous shrinkage of HPC is due to the large intrinsic scatter of the respective 
data sets. If only shrinkage of HPC measured on unsealed specimens is considered a coeffi-
cient of variation of  V = 33.3 % is obtained. 
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Fig. 6-22: Predicted and observed final shrinkage strains; left: logarithmic scale; right: linear scale 
 
In various practical cases, only the final value of the time-dependent strains, i.e. the final 

shrinkage is of relevance. Figure 6-22 indicates graphically the accuracy of the new models 
for the prediction of final deformation values of normal strength and high-performance 
concrete. It may be seen that in most cases the prediction error is lower than 30 %. The mean 
prediction error for final shrinkage values, determined according to a procedure given in 
[CEB No. 199 (1990)], is F = 22.0 %. 

 
type of 

deformation 
type of 

concrete 
number of 

experiments 
V [%] 

HPC sealed 24 43.3 

HPC unsealed 41 33.3 shrinkage 

NSC 103 29.0 

32.4 

 
Table 6-6: Coefficients of variation for the prediction of shrinkage of concrete 

 
Note that for the prediction model of CEB Model Code 1990, which is only valid for 

normal strength concrete, a coefficient of Variation of V = 32.9 % was obtained. The mean 
prediction error of the CEB model was found to be F = 19 %. Hence, it is obvious, that the 
new shrinkage model results in rather the same prediction accuracy than the corresponding 
model of CEB which, however, is only applicable for normal strength concrete.  
 
6.4.3.4  Improvement of shrinkage prediction 
 

The prediction of the notional autogenous shrinkage coefficient (Eq. (6-21)) may be 
improved, if more detailed information on the type of cement beyond the characteristics 
considered here would be taken into account. Recent experimental studies showed e.g. that 
the presence of ground blast furnace slag in the cement will increase the autogenous 
shrinkage considerably [Tazawa (1998)]. As for the time-development function of autogenous 
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shrinkage (Eq. (6-22)) no significant improvement of the overall prediction accuracy is 
obtained, if the compressive strength would be introduced as an affecting parameter.  

The same aspects as for autogenous shrinkage hold also true for modelling the notional 
coefficient and the time-development of the drying shrinkage component. Some further 
improvements of the model might be obtained, if the parameter beginning of drying is 
introduced in the formulae. This holds true both for normal and high-performance concrete. 
However, within typical durations of moist curing in practice, no significant effect of this 
parameter on the magnitude of shrinkage may be observed. The chosen approach regarding 
the effect of self-desiccation (Eqs. (6-24) and (6-26)) is still very crude and may be refined 
considering new systematic investigations on structural concretes being under way [Müller, 
Kvitsel (2001)]. 

A general problem in finding an optimized prediction accuracy for shrinkage results from 
an observed characteristic difference in the magnitude of shrinkage depending where the 
experimental investigation has been carried out. It is clearly evident from the shrinkage data 
included in the data bank that the concretes investigated in the United States give always a 
higher shrinkage than comparable concretes of European investigations. This might be traced 
back e.g. to differences in the types of cements or to some typical differences related to the 
composition of the concretes. In this context it should be noted, that the given prediction 
model for shrinkage is unbiased, i.e. the model has been optimized using all data sets included 
in the data bank. 

The prediction accuracy of the model can be improved without modifying the given 
approaches, if the parameter compressive strength of concrete is replaced by parameters 
giving the composition of concrete such as the water-cement ratio, the cement content, the 
content and the type of additions and admixtures etc. Here these parameters have not been 
introduced for reasons mentioned in section 6.4.2. 

The most significant improvement of the shrinkage prediction may be obtained if some 
short time shrinkage tests on the particular concrete are carried out. By that way, the notional 
coefficients of autogenous and drying shrinkage, which are the most uncertain parameters of 
the model, may be determined from the experiment. 
 
6.4.4  Creep 
 
6.4.4.1 Constitutive characteristics and concepts 
 

For practical applications concrete may be considered as an aging linear viscoelastic 
material. This assumption implies the applicability of the principle of superposition, and the 
related constitutive behaviour may be expressed as: 
 

 
0

0 0 0
( )( , ) ( , ) ( ) ( , )

t

t

t t J t t t J t d∂
= ⋅ + ⋅ ⋅

∂∫σ
σ τε σ τ τ

τ
 (6-27)

 
In Eq. (6-27), εσ(t,t0) is the stress-dependent strain at time t caused by a stress history σ(t), 

which starts at time t = t0. The creep function, or creep compliance, J(t,t0) represents the total 
stress-dependent strain by unit stress and may be given by: 
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In Eq. (6-28), n(t0) = Ec/E c(t0), where Ec(t0) is the modulus of elasticity at the time t0. Note 
that Ec(t0) = σc(t0)/εci(t0), where εci(t0) is the initial strain at loading (see Eq. (6-17)). The 
creep coefficient ϕ(t,t0) gives the ratio of creep strain to elastic strain at the age of 28 days. 
Hence the creep strain εcc(t,t0) of concrete may be written as: 
 

 ( ) ( ) ( )
E

t tt tt
c

c
cc

0
00 ,, σϕε ⋅=  (6-29)

 
In Eq. (6-29), σc(t0) is a constant stress applied at time of loading and Ec is the modulus of 

elasticity at a concrete age of 28 days. 
The creep function, as given in Eq. (6-28), may also be defined different. Consequently 

attention has to be paid to the definition of the individual strain components: initial elastic 
strain and creep strain. By using the strain definitions given above, which are identical to the 
strain definitions in [CEB No. 213/214 (1993)], the individual strain components, given in 
Eqs. (6-28) and (6-29) are compatible with each other. 

It should be noted, that the creep behaviour of concrete, i.e. the creep function J(t,t0) or the 
creep coefficient ϕ(t,t0), respectively, may be modeled by different constitutive approaches. 
Among them the product-type and the summation type models, which both may include a 
distinction between the basic creep component and the drying creep component. The most 
common formulations are given in [CEB No. 199 (1990)]. Depending on the approach and 
types of aging function and time development function being included in ϕ(t,t0), different 
prediction accuracies for creep under constant and in particular under variable stresses are 
obtained. 

If the history of the strain εσ(t,t0) is prescribed (as e.g. in the determination of the stress 
relaxation function R(t,t0) under constant unit imposed strain), the constitutive law (6-27) 
becomes an integral equation which, for realistic forms of the compliance J(t,t0), requires to 
be numerically solved [Bažant (1972a), Sassone and Chiorino (2005)]. The same need is 
experienced in the calculation of creep structural effects [CEB No. 142/142bis (1984), 
213/214 (1993), Chiorino (2005), ACI (2007)]. In fact, combining the usual approaches of 
structural mechanics with Eq. (6-27), and taking into account possible non homogeneities in 
the creep properties of the different parts of the structure, a system of integral equations of the 
type of Eq. (6-27) is generally obtained [Mola and Pisani (1993)]. The solution can be 
facilitated by the transformation of Eq. (6-27) in a differential equation, which requires, 
however, the adoption of less accurate simplified analytical expressions for the creep function 
J(t,t0). In most practical cases sufficient reliable results may be obtained writing Eq. (6-27) in 
the form of an algebraic incremental elastic law [Bažant (1972b)]: 
 

 0
0 0 0

, 0

( ) ( )( ) ( ) ( ) ( , )
( , )

−
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c adj
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where εσ is the stress dependent concrete strain, and having introduced the age-adjusted 

effective modulus Ec,adj(t,t0) defined as: 
 

 0
, 0
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( )( , )
( ) ( , ) ( , ) 1 ( , ) ( , ) / ( )
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E E tE t t
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The aging coefficient χ(t,t0) – often also termed as relaxation coefficient ρ(t,t0), in particular 
for n(t0) =1,0 – is related to the compliance J(t,t0) and the relaxation R(t,t0). Information on its 
magnitude is given in [CEB No. 215 (1993), www.polito.it/creepanalysis/]. In many cases 
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sufficient accurate results at long term may be obtained when the aging coefficient is assumed 
to be constant, with typical magnitudes χ ≅ 0.7÷0.9. 

Based on the equations given above, any creep and relaxation problems may be solved if 
the material parameters Ec, n(t0) and ϕ(t,t0) are known or predicted, respectively. Hence, 
suitable formulas to determine these parameters have to be developed (see section 6.4.4.3). 
 
6.4.4.2 Deformation characteristics and affecting parameters  
 

From many creep tests on structural concrete a rather comprehensive insight in the 
affecting parameters is available. Summing up, creep at constant ambient temperatures 
increases 
 

- with increasing stress and duration of loading; 
- with increasing cement content, i.e. cement paste volume of the concrete and 

decreasing stiffness of the aggregates; 
- with increasing porosity of the hardened cement paste, i.e. with increasing water-

cement-ratio and decreasing degree of hydration (decreasing age at loading); 
- with increasing water content of the concrete and increasing rate of water loss during 

loading (decreasing member size and ambient humidity). 
 

As far as the effect of creep inducing stress is concerned, creep strain increases linearly 
proportional to the stress up to a limit of a stress/strength ratio of 0.45 at the time of loading. 
The ambient temperature exerts a rather complex effect on creep which cannot be dealt with 
here. 

The creep characteristics of high-performance concrete have been shown and discussed in 
[Müller, Küttner (1996)]. The main differences between the creep behaviour of high-
performance concrete and normal strength concrete may be summarized as follows: 
 

1. The magnitude of the total creep strains, i.e. the sum of the basic creep component and 
the drying creep component, is considerably lower for high-performance concrete. 

2. While the drying creep component is substantially lower for high-performance 
concrete, the magnitude of the basic creep component is reduced to a smaller extent. 
The ratio of the drying creep component to the basic creep component decreases as the 
strength of concrete increases. 

3. The creep rate of the total creep deformation for HPC is significantly lower than for 
NSC. 

4. The shape of the time-development function of the total creep deformation of HPC is 
similar to that of basic creep of NSC. 

 
The first difference between the creep characteristics of HPC and NSC depends on the 

attained concrete strength at time of loading and holds particularly true for structural 
concretes loaded at a concrete age higher than one day. The difference results from the 
significantly higher strength and stiffness, and the lower porosity of the hardened cement 
paste matrix of high-performance concrete in comparison with that of normal strength 
concrete. As a consequence, all effects on the creep of concrete resulting from interactions 
between the matrix and the aggregates, such as the effects of the aggregate content and the 
stiffness of the aggregates as well as load-induced microcracking, are reduced for high-
performance concrete being made with ordinary aggregates. 

The second difference is mainly caused by the low porosity of the hardened high-perfor-
mance cement paste matrix, and consequently, all related diffusion-type features (see also 
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section 3.1) such as the effects of ambient humidity, size of member, predrying or curing on 
the magnitude of creep are reduced for HPC. 

From simple material science considerations it becomes clear that also other well-known 
and relevant effects on the creep of concrete, for instance the effects of age at loading, type of 
cement, concrete temperature and stress level, must be different to some extent for high-
performance concrete. However, the available information from experimental investigations 
on structural concretes is still very limited, or there is no information available at all to 
quantify these effects. 
 
 
6.4.4.3 Prediction formulas 
 

From the available test results on creep of high-performance concrete (see section 4.1) it is 
evident that the approach for the creep coefficient and the creep function, respectively, must 
include a separation of the total creep into the components basic creep and drying creep. 

Though the approach in [CEB No. 213/214 (1993)] reveals no explicit separation of the 
total creep into the components basic creep and drying creep, nevertheless this distinction of 
strain components is existent in a simplified manner, see [CEB No. 199 (1990)]. This fact was 
decisive for the aptness of the model with regard to its extension towards the prediction of 
creep of normal and high-performance concrete. For detailed justifications of the new 
approach for the prediction of creep, see [Müller, Küttner (1996)]. 
 

type of 
deformation 

number of 
references 

number of 
tests 

range of 
fcm [MPa] 

max silica fume 
content [%] *) 

basic creep 4 31 62 .. 105 10 

drying creep 10 51 60 .. 119 15.8 
*) percentage of the cement content 
 

Table 6-7: Creep data on high-performance concrete included in [RILEM TC 107 (1998)] 
 
The subsequent formulas have been numerically optimized using the data sets included in 

the RILEM Data Bank (see Table 6-7).  
Modulus of elasticity 
 

The modulus of elasticity of concrete at the age of 28 days Ec may be estimated from the 
compressive strength of concrete by means of Eq. (6-31): 
 
 3

cmcmc ff  E 021500 ⋅=  (6-31)
 

where fcm is the mean compressive strength of concrete [MPa] and fcm0 = 10 MPa. The 
modulus of elasticity at a concrete age t ≠ 28 days may be obtained from Eq. (6-32), where t1 
= 1 day: 
 

 ( ) ⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
⎥
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⎢
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fcm [MPa] type of cement s 

≤ 60 
RS 

N, R 
SL 

0.20 
0.25 
0.38 

> 60 all types 0.20 
Legend: RS = rapidly hardening high strength cement; 
N, R = normal and rapidly hardening cement; 
SL = slowly hardening cement 

 
Table 6-8: Coefficient s according to Eq. (6.32) 
 
 
The coefficient s in Eq. (6.32) depends on the type of cement and the compressive 

strength of concrete and may be taken from Table 6-8.  
 
Creep coefficient 
 

In accordance with [CEB No. 213/214 (1993)] the creep coefficient ϕ(t,t0) may be written 
as follows from Eq. (6-33): 
 
 ( ) ( )00 ,, tt  = tt c0 βϕϕ ⋅  (6-33)
 

where ϕ0 is the notional creep coefficient and βc(t,t0) is the coefficient to describe the 
development of creep with time after loading. 
 
The coefficients ϕ0 and βc(t,t 0) may be determined from Eqs. (6-34) .. (6-41):  
 
 ( ) ( )00 t  f   cmRH ββϕϕ ⋅⋅=  (6-34)
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and 

 ( )
( ) ⎥

⎦

⎤
⎢
⎣

⎡
−

−

10

10
0 /

/,
ttt + 

ttt = )t(t
H

0.3 

c β
β  (6-39)
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where: t  = age of concrete [days] at the moment considered; 
   t0  = age of concrete at loading [days]; 

t0,T = age of concrete at loading adjusted according to the concrete temperature; 
for T = 20 °C, t0,T corresponds to t0; for other cases refer to [CEB No. 
213/214 (1993)]; 

t1,T = 1 day; 
α  = coefficient which depends on the type of cement; α = -1 for slowly 

hardening cement; α = 0 for normal or rapidly hardening cement; α = 1 for 
rapidly hardening high strength cement;  

  αi  = coefficients which depend on the mean compressive strength of concrete 
according to Eq. (6-41). 

 
All other parameters and variables are defined in the preceding sections. 
 

The model for creep presented above is intended to predict the time-dependent mean 
cross-section behaviour of a concrete member moist cured at normal temperatures not longer 
than 14 days and exposed to a mean ambient relative humidity in the range of 40 to 100 
percent at mean ambient temperatures from 10 °C to 30 °C. It is valid for normal-weight plain 
structural concrete having an average compressive strength in the range of 15 ≤ fcm ≤ 120 
MPa. The age at loading should be at least one day, and the creep inducing stress should not 
exceed 40 percent of the concrete strength at the time of loading. 
 
 
6.4.4.4 Accuracy of creep prediction 
 

Corresponding to the shrinkage model also the new model for creep of normal strength 
and high-performance concrete has been verified in detail on the basis of experimental data 
included in the available data base [RILEM TC 107 (1998)]. 

The accuracy of the new prediction models for creep is graphically illustrated in Figure 6-
23. Table 6-9 gives coefficients of variation for the creep function, both for normal and high-
performance concrete. The coefficient of variation is an objective and unbiased statistical 
parameter obtained from a numerical procedure described elsewhere [CEB No. 199 (1990)]. 
The obtained values indicate that the prediction model is in a reasonably good agreement with 
measured strain data. 
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Fig. 6-23: Predicted and observed creep functions 
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Fig. 6-24: Predicted and observed final creep functions; left hand diagram: logarithmic scale; right hand 
diagram: linear scale 
 
In various practical cases, only the final value of the creep function or the creep 

coefficient, i.e. extrapolated values for (t – t0) → ∞,  is of relevance. Figure 6-24 indicates 
graphically the accuracy of the new model for the prediction of final deformation values of 
normal strength and high-performance concrete. It may be seen that in most cases the 
prediction error is lower than 30 %. The mean prediction error, determined according to a 
procedure given in [CEB No. 199 (1990)], is F = 23.9 %. 

For the prediction model of the CEB Model Code 1990, which is only valid for normal 
strength concrete, a coefficient of Variation of V = 20.4 % was obtained [CEB No. 199 
(1990)]. Hence, the new creep model results in a somewhat higher coefficient of variation. 
The reason is that the new model represents an approach of the same simplicity as the CEB 
model while being applicable both for normal strength concrete and high strength concrete. 
The mean prediction error of the CEB model for extrapolated values (final values) has not 
been determined. 
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type of 
deformation 

type of 
concrete 

number of 
experiments 

V [%] 

HPC 71 20.7 
creep 

NSC 187 27.9 
26.1 

 
Table 6-9: Coefficients of variation for the prediction of creep of concrete 

 
 

6.4.4.5  Improvement of creep prediction 
 

It is well known that even for a given strength, the modulus of elasticity depends on the 
type of aggregate. Eq. (6-29) is valid for concretes made of quartzitic aggregates. In [CEB 
No. 213/214 (1993)], coefficients are given to take into account the effect of the type of 
aggregate. As far as no other information is available, these coefficients may be applied. From 
material science considerations it appears, however, that these coefficients might change 
slightly for high-performance concrete. This is due to the fact that the ratio of the moduli of 
elasticity of the cement paste matrix and of normal strength aggregates increases with 
increasing strength of concrete. Detailed investigations on this subject are not available so far. 

Eq. (6-30) does not take into consideration that the time-development of the modulus of 
elasticity depends also on the composition of concrete, i.e. the water-cement ratio and the 
amount and type of additions such as silica fume or fly ash. Consequently some modifications 
of Eq. (6-30) on the basis of suitable experimental data seem to be necessary for high-
performance concrete. However, from [Müller, Küttner (1995)] it is apparent, that as a first 
step a reasonably satisfactory approximation for the aging of the modulus of elasticity of 
high-performance concrete may be obtained, if in Eq. (6-30) s = 0.2 is taken (see Table 6-8). 

One should expect that perhaps additional coefficients have to be introduced to adjust also 
the aging function given in Eq. (6-35). However, the information on the aging behaviour of 
high-performance concrete and on the effect of the type of cement is still very scarce. In view 
of the limited and rather scattering data, Eq. (6-35) has been maintained at the present stage as 
given in [CEB No. 213/214 (1993)]. 

The time development function (Eq. (6-39)) gives a rather good approximation of 
experimental data and represents a reasonable compromise if basic creep and drying creep are 
described by means of only one time function. However, improvements may be achieved, if 
the time development of the basic creep component is described by a logarithmic time 
function while for drying creep the hyperbolic function may be maintained. 

Some attention has to be paid to the combination of aging and time development functions 
(Eqs. (6-37) and (6-39), respectively) in an approach for the creep coefficient, if creep effects 
are analysed by means of Eq. (6-27). Under certain extreme conditions irrational results for 
calculated strains or stresses, e.g. relaxation stress may change sign, may be obtained [CEB 
No. 199 (1990)]. To avoid such problems, e.g. a factor may be introduced in the formulas 
[Müller, Kvitsel (2001)]. However, as long as Eq. (6-30) is applied, for which the new 
approach primarily is considered, no problems will be obtained. 

It may be generally stated that without modifying the given approaches, the prediction 
accuracy can be improved if the parameter compressive strength of concrete is replaced by 
parameters giving the composition of concrete such as water-cement ratio, cement content, 
content and type of additions and admixtures etc. These parameters have not been introduced 
here for reasons mentioned in section 6.4.2. 

The most significant improvement of the creep prediction may be obtained if the results of 
some short time tests are included in the prediction. By that way, the notional coefficients of 
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creep, which are the most uncertain parameters of the model, may be determined from the 
experiment. 
 
 
6.4.5 Closing considerations 
 

Though a considerable number of data on high-performance concrete exists, one must 
admit that in view of the complexity of the time-dependent deformations the data base is 
actually very limited. For various effects on the shrinkage and creep deformations, suitable 
data for the derivation of corresponding relations of the models have not yet been available. 
Hence, the new approaches for shrinkage and creep might be changed or extended in view of 
newly gained information on the deformation characteristics of high-performance concrete. 
Corresponding experimental and theoretical investigations are under way [Müller, Kvitsel 
(2001)]. On the other hand, the approaches should be kept simple as long as no substantial 
improvements are obtained when more sophisticated relations are introduced.  
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7 Fatigue 
 
7.1 Introduction 
 

Some concrete structures such as bridges, concrete pavements, offshore structures or rail 
road ties may be exposed to frequently varying stresses. Under such conditions they are 
subjected to fatigue. State-of-Art-Reports on fatigue of concrete – mainly addressing normal 
strength concrete – may be found e.g. in [CEB Bulletin No. 188 (1988)] and [ACI Committee 
215 (1993)]. The fatigue behaviour of structures made of high performance concrete (HPC) 
has rarely been investigated. The two CEB/FIP bulletins 197 and 228 [CEB/FIP bulletin 197 
(1990), CEB/FIP bulletin 228 (1995)] and the state-of-the-art-report of the national research 
council [Zia et al. (1991)] as well are reminding the lack of knowledge on the fatigue 
behaviour of HPC. As a preliminary conclusion it is stated in [CEB/FIP bulletin 197 (1990)] 
that the specific values obtained from fatigue tests on HPC are of the same magnitude as 
obtained from tests on normal strength concrete as long as the specific values are referred to 
particular values obtained in static tests. Following [CEB/FIP bulletin 228 (1995)] the rules 
are unnecessarily conservative in some cases, especially for alternative loading conditions. 
Kim and Kim had observed an increased fatigue crack propagation with increasing concrete 
quality [Kim and Kim (1999)].  
 In classical experiments on the fatigue behaviour of a material a specimen is generally 
subjected to stresses fluctuating around a constant mean stress so that a certain stress history 
can be characterised either by the mean stress and the stress amplitude or by the minimum 
and the maximum stress. These load-controlled tests are so called Wöhler tests. Failure occurs 
after a certain number of load cycles, N. The resistance of concrete against repeated loads is 
influenced mainly by the same technological parameters which control the strength of 
concrete subjected to short term static loads. Therefore, it is useful to express the stresses 
applied in a fatigue test as fractions of the static reference strength, i.e. in terms of the stress 
levels Smin and Smax, respectively. Then the fatigue behaviour of a material may be presented 
in so-called S-N-relationships, where the maximum stress levels Smax for a given minimum 
stress level Smin are plotted versus the number of load cycles, N, causing failure.  
 The fatigue strength of a material is defined as the maximum stress which the material can 
sustain for a given number of load cycles. It decreases with increasing number of load cycles 
and is considerably lower than the static strength for most materials. The fatigue limit or 
endurance limit corresponds to the maximum stress which the material can sustain for an 
infinite number of load cycles. Whether such a limit exists for concrete – even for normal 
strength concrete – is still controversial. 
 Due to the predetermined upper and lower load level these experiments are not capable to 
detect the softening behaviour of concrete, which might be essential to know with regard to 
durability of the concrete members. In section 7.2.3 a fracture mechanical approach based on 
deformation-controlled cyclic tensile tests, which also provides the softening behaviour of 
concrete is specified.  
 
7.2 Experimental investigations 
 
7.2.1 Plain concrete in compression 
 

In this section the most significant investigations on fatigue of HPC will be summarized. 
Following [CEB/FIP bulletin 197 (1990)] the effect of the moisture condition is more 
pronounced for HPC than for normal strength concrete. Therefore this moisture effect is 
discussed in particular.  
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 Many researches concerning the mechanical behaviour of high performance concrete have 
been done at SINTEF in Norway [Waagaard et al. (1987), Petkovic et al. (1990)].  
 Waagaard et al. (1987) investigated the effect of dry and wet moisture conditions on the 
fatigue behaviour of HPC with normal density and with lightweight aggregates. Specimens 
were tested in air and with a proper curing in water during fatigue tests. As a main result it 
could be concluded that the specimens that were dried out and tested in air achieved a longer 
lifetime for the same relative stress situation. The effect was found to be most evident for the 
concrete with normal density. This observation is even more remarkable since the increase in 
lifetime occurred despite of the fact that the stress range of the dried-out specimens was larger 
than for the submerged ones (see also [CEB/FIP bulletin 197 (1990)].  
 Hilsdorf and Müller pointed out that in general concretes with a high moisture content and 
in particular water saturated concretes have a considerably lower fatigue strength than dry 
concretes. Since thick concrete sections dry out at a much slower rate than thin sections and, 
therefore, may have a much higher moisture content, there is a size effect on the fatigue 
resistance of concrete so that thin sections tend to have a higher fatigue strength than very 
large sections [Hilsdorf and Müller (1999)].  
 Figure 7-1 shows mean test results of [Petkovic et al. (1990)] which were performed on 
Ø100*300 mm cylinders to investigate the effect of the minimum stress level on the fatigue 
life of HPC. Two types of normal density concrete, denoted as ND65 and ND95, and one type 
of light-weight aggregate concrete, LWA75, were used. The main attention was paid to the 
ND95 and LWA75 concretes, while the ND65 quality was included as an intermediate 
strength as a reference concrete.  
The mean strengths at 28 days of the Ø150x300 mm cylinders were about 55 and 75 MPa for 
the ND65 and ND95 concretes and about 80 MPa for the LWA concrete.  
 All the cylinders of each quality for the fatigue tests were cast from the same batch. 
During storage and testing the cylinders were sealed by means of a watertight tape on the 
surface to keep their natural content of water. The loading form in the cyclic tests was 
sinusoidal with a frequency of 1 Hz. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 7-1: Mean results of ND65, ND95 and LWA75 concrete in fatigue for Smin=0.05 and 0.60, respectively 
[Petkovic et al. (1990)] 

 
 As shown in Fig. 7-1 the effect of the minimum stress level is clear in that longer fatigue 
lives were obtained at higher minimum stresses for the same maximum stress levels. A factor 
analysis also showed that there was no reason for distinguishing between the three concrete 
qualities when the results were presented relative to their static strength [Petkovic et al. (1990)].  
 The behaviour of HPC in biaxial fatigue tests has been investigated by Nelson et al. 
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(1987). They performed tests on 125⋅125⋅12.5 mm³ concrete plates. The compressive strength 
of the concrete obtained on cylinders after 56 days was about 62 MPa. They observed in pure 
compression fatigue tests that the increase in concrete strength resulting from the biaxial 
stresses applied is lost when the concrete is subjected to more than about 50 repeated load 
cycles at any given stress ratio (in the tests four stress ratios 0, 0.2, 0.5 and 1.0 has been 
applied). It was concluded that HPC has a lower fatigue limit compared to normal strength 
concrete mainly due to a lower water-cement ratio.  
 Kim and Kim (1996) investigated the compressive fatigue behaviour on cylindrical 
concrete specimens with various strength levels. The strength level was varied from 26 MPa 
to 103 MPa, the maximum stress applied from 75 % to 95 % of the static compressive 
strength determined before the fatigue tests. As a main result they found the fatigue life 
decreasing with increasing the concrete strength. Furthermore, the rate of the fatigue strain 
increment of HPC was found to be greater than that of lower strength concrete.  
Mucha (2003) describes the crack growth in different HPC caused by compressive fatigue 
loading. He stated that fatigue damage is significantly connected with microcracking he 
observed with a high solution light microscopy system. This phenomenon is further discussed 
in section 7.3.  
 
 
7.2.2 Plain concrete in tension 
 

Since the load bearing capacity of concrete is mostly connected to its compressive 
strength the tensile behaviour of concrete and in particular HPC under fatigue tensile loading 
has rarely been investigated.  
 Most fatigue tensile experiments have been performed as bending tests, e.g. [Waagaard 
(1982), Lambotte and Taerwe (1987), Ohlsson et al. (1988), Alliche and Francois (1992), 
Bažant and Schell (1993)].  
 Lambotte and Taerwe (1987) investigated normal and high strength concrete beams with 
cylinder strengths of about 40 MPA and 90 MPa, respectively. With the same curing and tests 
conditions for both concrete grades they found no significant difference between the Wöhler 
lines obtained for HPC and normal strength concrete. Nevertheless, the Wöhler lines for HPC 
showed a slightly higher fatigue life for the stress range 0.7 < Smax < 0.9, whereas the inverse 
is true for the lower stress ranges < 0.7, in other words: the Wöhler line in the case of HPC is 
more inclined.  
 Figure 7-2 summarizes different test results obtained from fatigue tensile tests on HPC 
[Ohlsson et al. (1988), Alliche and Francois (1992), Bažant and Schell (1993)]. Ohlsson et al. 
(1988) mainly investigated the effect of the temperature, Alliche and Francois (1992) the 
variation of the stress ratio and Bažant and Schell (1993) the size effect. It can be concluded 
from the Wöhler lines that in general the effects observed on normal strength concrete hold 
true for HPC as well. Due to the different test set-ups and the typical scatter of fatigue 
experiments the inclination of the Wöhler lines varies from steep to shallow.  
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Fig. 7-2: Test results and S-N lines for flexural tensile strength of HPC [Ohlsson et al. (1988), Alliche and 
Francois (1992), Bažant and Schell (1993)] 

 
 The fatigue behaviour of HPC has intensely been studied by Kessler-Kramer et al. (2005) 
by means of uniaxial tensile tests. Besides the effect of higher concrete strengths the 
influences of moisture conditions and the frequency have been investigated.  
 By considering the mean deformation (δm = ½·(δ(Fupper) + δ(Flower))) measured in Wöhler 
tests the relations shown in Fig. 7-3, left could be obtained. The increase of the deformation 
with increasing actual number of load cycles – referred to the number of load cycles at final 
failure – provide a so-called cyclic creep curve, which can be divided into three parts 
predominantly representing three phases of cracking, but also creep deformations. The phase 
of microcrack initiation and primal creep up to a number of cycles of approximately 0.2·N (in 
Fig. 7-3 denoted as phase I) is characterised by an extensive increase of deformation (dδ/dN > 
0; d2δ/d2N < 0). Phase II shows an approximately linear ascent meaning a constant value of 
dδ/dN up to about 0.8·N. Above a number of load cycles of about 0.8·N the deformations 
increase dramatically up to final failure (phase III). The use of high strength concrete instead 
of normal strength concrete resulted in a shift of the cyclic creep curve to higher values of 
deformations. This effect can be drawn back mainly to higher absolute values of the upper 
load level for the same loading degree in the case of high strength concrete, which may lead 
to larger elastic deformations and a more pronounced primal creep.  
 
 
 
 
 
 
 
 
 
 
 
 
 

 
Fig. 7-3: Effect of the increasing number of load cycles on mean deformation (left) and mean stiffness 
(right) as observed in fatigue tensile tests 
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 The stiffness decrease with an increasing number of load cycles is shown in Fig. 7-3, 
right. The method used for the calculation of the inclination of mean straight lines within 
hysteretic loops is leaned on [Holmen (1979)]. Again, there is only a minor effect of the 
concrete grade with regard to the curve shape. Similar to the curves obtained for the 
deformations three phases can be identified, however, with the first phase ending already at a 
number of load cycles of about 0.05·N. The observed stiffness in the last load cycles is up to 
60 % less than the initial stiffness, which is proportional to the modulus of elasticity of the 
undamaged concrete at the first load cycle.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
Fig. 7-4: Effect of the upper load level on the attained number of load cycles to failure in load-controlled 
cyclic tensile tests (Wöhler lines) 

 
 If the results of the fatigue tensile tests are plotted in a stress-number of load cycles 
diagram lines as shown in Fig. 7-4 can be obtained. First, it is worth to be mentioned that for 
two specimens – one made of normal strength concrete and one of high strength concrete – 
could bear more than 10 million load cycles without a final failure at a degree of load S = 
σupper /ft = 0.6. Afterwards these specimens were undertaken a monotonic deformation 
controlled uniaxial tensile test. The load-deformation relations obtained from these monotonic 
tests showed similar characteristic mechanical and fracture mechanical values as obtained in 
deformation controlled fatigue tests with a high number of load cycles (see following 
section). This supports the assumption of a constant fatigue limit for concrete as it is true e.g. 
for steel. The effect of the concrete grade is reflected by a line being more inclined in the case 
of HPC compared to normal strength concrete, which indicates its higher sensibility to 
fatigue. However, if the results are transferred to a normalized S-N diagram the inclination of 
the Wöhler lines are mostly coincide [Kessler-Kramer et al. (2005)].  
 
7.2.3 Fracture mechanical fatigue tests 
 

Fracture mechanical tests on HPC concerning its fatigue behaviour have rarely been the 
subject of concrete research studies [Gopalaratnam and Shah (1985), Hordijk (1991), Kessler-
Kramer et al. (2002)]. The fracture mechanical tests have been performed by means of a 
predetermined number of load cycles. Therefore, usually the total deformation has been taken 
from preceding monotonic tensile tests and the deformation increment per cycle is calculated 
as the total deformation divided by the intended number of load cycles.  
 Gopalaratnam and Shah (1985) analysed classical fracture mechanical parameters such as 
the energy release rate and the fracture toughness on different concrete grades with maximum 
compressive strengths however limited to 50 MPa.  
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Fig. 7-5: Effect of the compressive strength on the fracture energy (left) and on the characteristic length 
(right) in uniaxial tensile tests  
 

 Fig. 7-5 shows the effect of various compressive strengths on nowadays common fracture 
mechanical parameters such as the fracture energy GF or the characteristic length lch defined 
as fraction of the fracture energy times Young’s Modulus and the net tensile strength squared 
as a characteristic value for the brittleness [Hordijk (1991) and Kessler-Kramer et al. (2002)]. 
Thus the fracture energy is increasing with higher concrete grades and the characteristic 
length is reaching lower values meaning a higher brittleness.  
 

 
 
Fig. 7-6: Effect of the number of load cycles to failure on the fracture energy (left) and on the characteristic 
length (right) in tension tests on normal strength and high strength concrete specimens for different 
deformation rates and curing conditions [Kessler-Kramer et al. (2002)] 
 

 Figure 7-6, left shows a decrease of the fracture energy GF in the high-cycle fatigue tests 
with an increasing number of load cycles. The GF-values were calculated as the area under the 
measured stress-deformation curves. In the case of cyclic tests the envelope curves of the 
corresponding stress-deformation relations have been chosen. Therefore, a possible contribution 
of the area within the hysteretic loops is not considered.  
 Since the reduction of the investigated parameters, namely the fracture energy and the 
characteristic length with an increasing number of load cycles is approximately the same for 
normal strength and high strength concrete, it can be concluded that the effect of the fatigue 
loading is similar for both types of concrete (HPC and NSC). 
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Fig. 7-7: Envelopes of the stress-deformation relations obtained from the monotonic and cyclic uniaxial 
tensile tests on sealed high performance concrete specimens 
 

 The main finding in [Kessler-Kramer et al. (2002)] is that for an increasing number of 
load cycles the envelope curves of the σ-δ relations differ significantly from the 
corresponding monotonic curve, see Figure 7-7. The ascending branches show approximately 
the same shape and the same stiffness for all curves. Because of lower tensile strength-values 
for the high-cycle fatigue tests these curves are below the curves for the monotonic and the 
low-cycle fatigue tests in the first, steeper part of the stress-deformation relation. 
Additionally, the curves from the high-cycle fatigue tests are steeper than the curves for the 
monotonic and the low-cycle fatigue tests, see Figure 7-7. In the second, shallow part of the 
softening branch the average curves for the cyclic tests match the monotonic curve beginning 
at a crack opening of about 200 µm up to the entire separation of the specimens into two 
parts. In the case of normal strength concrete the shape of the typical stress-deformation curve 
was found to be similar to that of the corresponding curve obtained for the HPC. 
 
 
7.2.4 Conclusions from experimental tests 
 

Since the behaviour of HPC under fatigue loading conditions is not required to be known 
for every construction made of concrete or reinforced concrete it is inevitable that less 
experimental data is available. Nevertheless, it can be concluded from a critical analysis of 
the present data especially from the newest studies that a higher concrete grade leads to a 
significant higher brittleness as to be observed in monotonic loading conditions as well. 
Looking especially at the results obtained in classical Wöhler tests in different studies a 
higher sensibility to fatigue can be ascertained for increasing concrete grades even if the 
Wöhler lines found in some studies are showing the same inclination. This is in contrast to the 
preliminary conclusion stated in section 7.1 that the specific values obtained from fatigue 
tests on HPC are of the same magnitude as obtained from tests on normal strength concrete 
[CEB/FIP bulletin 197 (1990), König and Danielewicz (1994)]. This statement will certainly 
be updated with deeper knowledge on ultra high strength concretes (UHPC).  
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7.3 Phenomenological behaviour of HPC under fatigue loading 
 

The controlling structural mechanisms of the fatigue behaviour have not been clarified to 
an acceptable conclusion, yet. There are basically two hypotheses addressing the crack 
initiation in concrete under cyclic loading conditions which can be traced back to the results 
obtained under static loading conditions [Hordijk (1991), RILEM committee 36-RDL 
(1984)]. The first hypothesis is describing the continuous release of the boundaries between 
the coarse aggregates and the cementitious matrix as reason for failure under fatigue loading. 
The second hypothesis is based on the assumption of the existing microcracks before applying 
the external loads being responsible for the further crack propagation under fatigue loading. 
The microcracks coincide with increasing deformation and create macro cracks weakening 
the loaded cross section. Thus the load can not be bore further more. Both hypotheses could 
not be confirmed or proved wrong in experiments. Supposable both mechanisms are present 
and interfere each other in normal strength concrete as well as in high performance concrete 
under fatigue loading conditions with varying proportions.  
 Looking at concrete on the macro level irreversible deformations can be determined as 
well as a continuous decrease of the stiffness. In [Schäfli (1999)] these effects are associated 
with two so called fatigue drives. The first fatigue drive is the viscoelastic deformation 
proportion [Guénot-Delahaie (1997)]. The short term deformations hereof can be traced back 
to capillary flow due to a thermodynamic disequilibrium. For the long term deformations it is 
assumed that calcium silicate hydrate may dislocate within the nanopores. If these 
viscoelastic deformations are locally higher than the deformation capacity of the concrete 
cracks will occur and propagate. The second fatigue drive can be attributed to the effect that 
loosened or pulled out aggregates or hardened cement paste particles may dislocate while the 
crack is open and lead to local tensile as well as compressive stresses in the case of unloading. 
 Following the microscopic investigations of Toumi et al. (1998) the observations on static 
tests such as crack propagation along the interfacial crack zone can be found in fatigue tests 
as well. However they detected a more diffuse microcracking on the concrete members’ 
surface near the crack tip. Compared to monotonic tests no distributed microcracking in front 
of the macro crack could be obtained inside the concrete members. According to König and 
Danielewicz (1994) the crack compactness is higher for concrete subjected to fatigue loading 
than to monotonic loading.  
 Remmel (1994) observed the crack initiation in notched concrete members made of HPC 
by means of acoustic emissions. When about 90 % of the maximum load is reached the 
cumulative impulses, i.e. the amount of impulses within a specific time interval above a 
certain trigger threshold, show a first increase due to increasing microcracking which is more 
significant after the peak. In the second, shallow part of the softening curve the impulse rate is 
less due to transmitting lower tensile stresses by means of friction between the crack banks 
and the material bridges.  
 Acoustic emission analyses to clarify the mechanisms of the crack formation and 
propagation processes in high performance concrete under cyclic loading have also been 
performed by Kessler-Kramer et al. (2002).  
 Fig. 7-8, left shows that the curves for the cumulative impulses obtained from uniaxial 
tensile tests on HPC are well above the curves received from tests on normal strength 
concrete. Fig. 7-8, right shows the effect of cyclic tensile loading on the shape of the curve of 
the cumulative impulses for HPC. Additionally, curves are shown for the case of cyclic tests 
considering just the deformation increments ∆δ, i.e. neglecting the deformations within the 
hysteretic loops (as marked with dotted lines in Fig. 7-8, right). 
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Fig. 7-8: Effect of the concrete grade on the shape of the cumulative impulses for low-cycle fatigue tests 
(left); effect of loading cycles on the shape of the cumulative impulses for HPC (right)  

 
 
 Up to a deformation of around 30 µm the curve for the monotonic loading matches the 
curve for the cyclic loading without hysteretic loops quite well. With further increasing crack 
propagation the cyclic tests provided lower acoustic emissions. However, in the case of cyclic 
tests with the consideration of the hysteretic loops higher values of the cumulative impulses 
could be obtained. For high-cycle fatigue tests this detailed consideration of the individual 
deformation parts was not suitable due to the extremely low deformation increments per 
cycle. Nevertheless, it could be observed that the curves for the cumulative impulses in the 
case of high-cycle fatigue tests are far above the corresponding curves obtained from 
monotonic and low-cycle fatigue tests.  
 A further method to analyse failure mechanisms of different types of concrete is the 
measuring of the fractures surfaces using the projected fringes technique [Kessler-Kramer et 
al. (2002), Mechtcherine and Müller (2002)].  
 
 

concrete strain rate ε̇ [1/s] roughness RS [-] fractal dimension DGS [-] 
HPC, sealed 1⋅10-4  1.245 (0.027) 2.041 (0.003) 
HPC, unsealed 1⋅10-4  1.243 (0.005) 2.041 (0.001) 
HPC, sealed 1⋅10-5  1.243 (0.010) 2.042 (0.005) 
NSC, sealed 1⋅10-4  1.281 (0.003) 2.043 (0.005) 

Standard deviations are given in parentheses. 

 
Table 7-1: Roughness and fractal dimension of concrete fracture surfaces for different curing conditions, 
strain rates and concrete grades 

 
 From the optical measurement data the roughness RS and the fractal dimension of the 
surfaces DGS were calculated. The roughness RS of the fractured surface was calculated using 
the surface area with 0.16 mm mesh size divided by the projected area. The fractal dimension 
defined by the grid scaling method is a measure almost independent of the refinement of the 
grid pattern. Tab. 7-1 gives the results of the calculations.  
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 The roughness and the fractal dimension of the fracture surfaces increase with decreasing 
strength of concrete. In contrast to the results for normal strength concrete no pronounced 
effect of the curing conditions as well as the strain rate on the condition of the fracture 
surfaces could be found for HPC (Tab. 7-1).  
 
7.4  Modelling the fatigue behaviour of HPC 
 
7.4.1 Models for compressive fatigue behaviour 
 

For the modelling of fatigue failure with compressive loading plenty of models are 
available. In the following only models for plain concrete modelling the envelope curve for 
cyclic loading conditions are presented.  
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Fig. 7-9: Referred stress-strain relations of envelope curves for concrete under compressive cyclic loading 

 
 Fig. 7-9 shows a comparison of various envelope curves from models to describe the 
behaviour of concrete under compressive cyclic loading in a referred stress-strain diagram. As 
reference the stress when bearing the maximum load and the related strain has been taken. 
The figure clearly shows the different description of the softening behaviour. While two 
curves show distinctive brittle post peak behaviour [Sinha et al. (1964) and Lan, Guo (1999)], 
the rest two curves exhibit a more or less ductile softening. This rough comparison already 
proofs that the modelling of the compressive fatigue behaviour has not bee solved to complete 
satisfaction, yet.  
 Further restrictions are the missing consideration of the loading history [Karsan, Jirsa 
(1969), Sinha et al. (1964), Lan, Guo (1999)] and the effect of the strain rate [Buyukozturk, 
Tseng (1984)]. The models of Lan, Guo (1999) and Buyukozturk, Tseng (1984) are both 
capable to describe the biaxial fatigue stress behaviour as well as the decrease of stiffness 
with increasing number of load cycles. Due to the above mentioned constraints all models are 
only suitable for low cyclic loading conditions but rarely applicable for high cycle fatigue.  
 
7.4.2 Models for tensile fatigue behaviour 
 

In the field of tensile fatigue behaviour several models have been developed, mostly 
restricted to low cycle fatigue as will be discussed subsequently. The first important model 
for the tensile fatigue behaviour of concrete was given by Gylltoft (1984) using an energy 
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based criterion for modelling the failure. Due to load cycles the monotonic stress-strain 
relation can not be reached again. Unfortunately Gylltoft overestimates the energy release and 
does not give a new constitutive relation for the following envelope curve.  
 The model by Reinhardt et al. (1986) is using parameters for the constitutive relations 
which are unknown at that moment they are used for modelling. Therefore, this model is a 
pure description rather than a prognosis. The well-known focal-point model by Yankelevsky 
and Reinhardt (1989) is using several auxiliary construction points and is thus rather complex. 
Furthermore it is not reflecting the effect of the lower stress limit.  
 The continuous function model by Hordijk (1991) is restricted to low cycle fatigue 
likewise since it is a closed analytic relation based on curve fitting of fatigue experiments 
with a limited number of load cycles. Contrary to the empiric approach of Hordijk Duda 
(1991) is using simple rheological elements such as springs and friction blocks. Remmel 
(1994) is extending the Duda model for the application on high performance concrete. Since it 
is still neglecting the effect of time effects by not applying dashpots as rheological elements it 
remains limited for the modelling of low cycle fatigue behaviour.  
 Based on new experimental results, Kessler-Kramer (2002) developed a new constitutive 
law on the basis of a rheological statistical model considering in particular the number of load 
cycles, time effects and the heterogeneity of concrete, see Fig. 7-10.  
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 7-10: Rheological statistical model for the description of the fatigue behaviour of concrete under 
tensile loading [Kessler-Kramer (2002)] 

 
 The model consists of simple rheological elements like springs, friction blocks and 
dashpots representing the elastic, frictional and viscous deformation components of concrete.  
 The hysteretic loops are described by a serial arrangement of two friction blocks and two 
Kelvin-Voigt elements. The dashpots ηi,1 and ηi,2 arranged parallel to the spring elements Ei,1 
and Ei,2 enable to consider the rate dependency of concrete and to include effects like e.g. the 
load history. The parallel arrangement of a further friction block Yi,3 allows for the modelling 
of the effect that loosened or pulled out aggregates or hardened cement paste particles may 
dislocate while the crack is open and lead to local tensile as well as compressive stresses in 
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the case of unloading. Since this phenomenon just appears within the hysteretic loops the 
associated friction coefficient µi,3 is given as a function of the number of load cycles N.  
 The complete model consists of n basic models arranged parallel with the parameters Y, E 
and η being statistically distributed and following an exponential function after Weibull. This 
approach considers the heterogeneity of concrete. The bulk behaviour of the undamaged 
concrete is taken into account by an additional spring element Ebulk.  
 
7.5  Constitutive relations and fatigue treatment in codes 
 

As specified in the preceding section the models are underlined with constitutive relations. 
In the following only the latest model will be taken up for a further consideration.  
 The complete rheological-statistical model [Kessler-Kramer (2002)] can transfer the stress 
σ given with Eq. (7-1) as a function of the actual crack opening w under the condition of both 
serial arranged friction blocks Yi,1 and Yi,2 being in motion and transferring the full friction 
load. Thus Eq. (7-1) is valid for monotonic loading as well as for the deformation increments 
∆δ outside the hysteretic loops in the case of cyclic loading (in other words the envelope 
curve):  

σ(w) = c1·(σY1,0 + σY2,0)·fH1(w) + c2·(σY1,0 + σY2,0)·fH2(w) (7-1) 

 In Eq. (7-1) σY1,0 and σY2,0 denote the transferable stresses of the first and the second 
friction elements, respectively and c1 and c2 are correlation coefficients. The functions fH1(w) 
and fH2(w) are the statistical distributions according to the theory of Weibull with different 
coefficients α, β and γ .  
 The transferable stress within the hysteretic loops can be calculated by adding the load 
carrying capacities of the second spring elements Ei,2, the second dash pots ηi,2 and the 
parallel arranged third friction elements Yi,3 according to Eq. (7-2:  

σ(w) = c1·[(w - w2)·k2 + 2

meas

η
l

·( ẇ – ẇ2 )]·fH1(w)  

+ c2·[(w - w2)·k2 + 2

meas

η
l

·( ẇ – ẇ2 )]·fH2(w) + σY3,0·fY3(w) (7-2) 

 The displacement w2 = f(η1, η2, k2) as well as the corresponding velocity ẇ2 of the second 
friction elements Yi,2 in Eq. (7-2) are dependent whether the material is actually un- or 
reloaded. The parameter k2 denotes the stiffness of the second spring elements, η2 the 
viscosity of the second dash pots and lmeas the measuring length used in the experiments. σY3,0 
denotes the stresses transferable by the third friction elements and fY3(w) the corresponding 
statistical distribution of a hyperbolic type.  
 To proceed from the developed material model to a constitutive material law the unknown 
model parameters in Eqs. (7-1) and (7-2) have to be determined by means of an appropriate 
inverse analysis. Thereby it could be concluded that the parameters β2, c1 and c2 are most 
suitable to reflect the relevant effects of the concrete grade, the strain rate, the curing 
conditions and the number of load cycles on the stress-crack opening relation in Eq. (7-1). Eq. 
(7-3) summarizes the coefficients from Eq. (7-1) defined as constants and Eq. (7-4) gives the 
corresponding values of the parameters for describing the hysteretic loops using Eq. (7-2).  
 

α1 = α2 = 0   ;          β1 = 0.02   ; 
γ1 = 2.0        and      γ2 = 1.2 (7-3) 
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σY1,0 = 2/3·ft   ;         σY2,0 = 1/3·ft   ;         σY3,0 = 0.05·ft   ;  
k2 = (167 – 5·log N)·ft   (7-4) 

 Further details concerning the determination of the model parameters and an additional 
simplification of the constitutive law by replacing the description of the hysteretic loops with 
a single relation for the actual compliance as a function of the crack opening may be found in 
Kessler-Kramer (2002).  
 As a last step for the modelling the functional dependences of the ft-, E0-,εtu- and GF-
values from the investigated parameters had to be formulated. For this purpose the functional 
expressions were chosen similar to those proposed by the CEB-FIP Model Code 1990 (1993).  
 The effect of the concrete grade on the uniaxial tensile strength ft as well as on the 
Young’s Modulus E0 has been experimentally determined well according to the formulas 
given in MC 90 (1993). Therefore, these functional dependencies could be adopted directly as 
given by the Eqs. (7-5) and (7-6):  

ft = 1.40 · (fc / 10)2/3 (7-5) 

E0 = 2.15·104 · (fc / 10)1/3 (7-6) 

where fc = characteristic compressive strength (all parameters in [MPa]).  
 In contrast thereto the formulation for the fracture energy GF is deviating from the formula 
given in MC 90 (1993): 

GF = 157 · (fc / 10)0.215 (7-7) 

 The derived Eq. (7-7) is resulting in higher values for the fracture energy GF than the 
formula given in MC 90 (1993) – though more pronounced for normal strength concrete. This 
can be traced back mostly to an optimized test set-up and the use of non-rotatable boundary 
conditions in the tensile tests by Kessler-Kramer (2002) which is assumed to be the standard 
of nowadays laboratory equipments.  
 According to Hooke’s law the strain at the peak stress εtu is given by the Eqs. (7-5) and 
(7-6):  

εtu = 65·10-6 · (fc / 10)1/3 (7-8) 

 In contrast to Eq. (7-8) MC 90 (1993) provides a constant value for εtu of about 150·10-6. 
This constant value for the strain at the peak stress in tensile tests could already be disproved 
in experiments by many researchers [Mechtcherine (2000)].  
 The verification of the new constitutive law by means of a finite element simulation of 
three-point bend tests that were not considered for the derivation of the constitutive relations 
as described above, provided a rather good prediction of the concrete behaviour observed 
experimentally [Kessler-Kramer (2002)].  
 Further to constitutive relations most codes are dealing with fatigue in the sense of 
classical analytical expressions to estimate the number of cycles to failure for given boundary 
conditions.  
 In the CEB-FIP MC 90 analytical expressions are given to estimate the number of load 
cycles to failure for pure compression, compression-tension and pure tension, respectively for 
a constant minimum and maximum stress level. In these relations the maximum and minimum 
stress levels for compression Sc,max and Sc,min are defined as given in Eqs. (7-9a) and (7-9b). 
There, the maximum and minimum stress levels are expressed as a fraction of the fatigue 
reference compressive strength fck,fat which follows from Eq. (7-9c). In this equation the 
coefficient βc,sus(t, to) takes into account the effect of high sustained loads in cases where the 
mean stress during fatigue loading is high. Relations for βc,sus(t, to) are given in CEB-FIP MC 
90. Eq. (7-9c) also considers the increased sensitivity to fatigue loads with increasing 
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concrete compressive strength. For an age at loading of 28 days fck,fat decreases from about 
0.82 ⋅ fck for a low strength grade to about 0.75 ⋅ fck for a high strength grade. 
 
 , max , max ,/= σc c ck fatS f   (7-9a) 

 , min , min ,/= σc c ck fatS f   (7-9b) 
with 
 = ⋅ ⋅ ⋅ −ck , fat cc c ,sus o ck ck ckof ( t ) ( t ,t ) f (1 f / 25 f )β β  (7-9c) 
   
 where: 
 Sc,max maximum stress level 
 Sc,min minimum stress level 
 σc,max maximum compressive stress [MPa] 
 σc,min minimum compressive stress [MPa] 
 fck characteristic compressive strength [MPa] 
 fck,fat fatigue reference compressive strength [MPa] 
 fcko = 10 MPa 
 βcc(t) coefficient to take into account the effect of age at the beginning of fatigue 
  loading on the compressive strength of concrete 
 βc,sus(t, to) coefficient to take into account the effect of high mean stresses during  
  fatigue loading. 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 7-11: S-N relations for concrete subjected to pure compressive fatigue loading as obtained from the 
analytical expressions given in CEB-FIP MC 90 (1993) 

 
 In Fig. 7-11 S-N relations for concrete subjected to pure compressive stresses are shown 
which have been obtained from the relations given in CEB-FIP MC 90. They are generally 
considered as rather conservative giving lower bound limits for severe loading conditions.  
 As mentioned above this design formulation does not distinguish between different 
moisture conditions. For normal dimensions of structural elements the effect of drying and 
water penetration at the surface will not be the same as for laboratory size specimens. 
Especially for HPC, drying and absorption will particularly be a surface phenomenon due to 
the relatively small porosity of this concrete. 
 If small tensile stresses are occurring (σct,max ≤ 0.026 ⏐σc,max⏐) Eq. (7-10) has to be 
applied:  
 log N = 9 (1 – Sc,max) (7-10) 
 
In this case it is assumed that concrete is always failing in compression.  
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For concrete in tension the fatigue life is defined as 
 
 log N = 12 (1 – Sct,max) (7-11) 
 
with  Sct,max = (σct,max) / fctk,min where 
  σct,max maximum tensile stress [MPa] 
  fctk.min minimum characteristic tensile strength [MPa]. 
 
 Thus, in this case the effect of different minimum stress levels is not included. Moreover, 
autogenous shrinkage may result in early cracking on the surface of HPC specimens. 
However, it is a necessary condition for fatigue calculations in tension that the concrete is 
uncracked.  
 Generally, structural elements are subjected to a spectrum of load levels which deviate 
considerably from the constant stress level-amplitude conditions applied in laboratory 
experiments. To estimate the fatigue life of concrete subjected to realistic stress histories 
CEB-FIP MC 90 recommends the application of the so called Palmgren-Miner summation 
rule as expressed by Eq. (7-12).  
 

 = ∑ Si

i Ri

n
D

N     (7-12) 

 
 where: 
 D fatigue damage 
 nSi number of cycles applied at a given stress level and stress range 
 NRi number of cycles causing failure at the same stress level and stress range. 
 
 Failure occurs, if D = 1. According to [Siemes (1988)] the value of the Miner sum 
indicating failure is varying in various codes from 0.2 to 1.0. Consequently, the Palmgren-
Miner rule is only a very rough approximation of the actual concrete behaviour. It may over- 
or underestimate the actual fatigue strength of concrete subjected to varying repeated loads.  
 
 
7.6 Conclusions 
 

In spite of enhanced research activity in the field of high performance concrete one has 
not yet succeeded in finding adequate design rules for fatigue behaviour taking into 
consideration the special properties of HPC. On the experimental level further progress has 
taken place especially concerning the fracture mechanical behaviour and the underlying 
phenomenological mechanisms. Unfortunately it is not possible to convert these results 
reciprocally by just a simple transformation formula in design rules based on the classical 
Wöhler approach. For that reason the existing design rules can be applied to HPC as well due 
to its unnecessarily conservative formulation.  
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8 Temperature effects 
 
8.1 Range of application 
 

In this chapter the effect of substantial deviations from a mean concrete temperature of 
20 °C in the range of approximately 0 °C to +80 °C is dealt with. 
 
 
8.2 Maturity 
 
 The rate of hydration of cement increases with increasing temperature. Consequently, the 
mechanical properties of concrete and their development with time are also influenced by the 
temperature of the concrete and of the surrounding environment. In order to quantify the 
effect of temperature on concrete properties the maturity concepts are generally applied.  
 As an alternative to maturity also the concrete age may be adjusted in order to take 
temperature effects into account: If the concrete temperature deviates from 20 °C then the 
effective or the equivalent concrete age corresponds to the time interval at a temperature T 
after which the concrete has reached the maturity it would have at a temperature of 20 °C.  
 The modern maturity concepts are based on thermodynamics. If the well known Arrhenius 
relation is applied, than a maturity function should have a general form as expressed by Eq. 
(8-1), refer to e.g. Carino and Tank (1990). This approach holds true for both, normal strength 
and high strength concrete. 

  
i

o

t
Q / RT

t

M const e dt−= ⋅ ∫  (8-1) 

 where: T  temperature at a concrete age t [K] 
  Q  activation energy for cement hydration [kJ/mol] 
  R  universal gas constant [kJ/mol ⋅ K]. 
 
 According to CEB-FIP MC 90 the effective concrete age can be estimated from Eq. (8-2) 
which is based on the maturity function according to Eq. (8-1) and an activation energy for 
cement hydration of 33 kJ/mol (Müller and Hilsdorf [1993]). 
 

  
=

⎡ ⎤
= ⋅ −⎢ ⎥+⎣ ⎦

∑
n

T i
i oi 1

4000t t exp 13.65
273 T( t ) / T

∆
∆

 (8-2) 

 
 where:  tT  effective concrete age [days] 
  T(∆ti) temperature [°C] during the time interval ∆ti [days] 
  To = 1 °C. 
 
 The activation energy for cement hydration Q is in the range of 30 < Q < 65 kJ/mol. Since 
for the derivation of Eq. (8-2) a low bound of the activation energy was chosen it is valid for 
concretes made of Portland cements or cements containing only low amounts of components 
other than Portland cement clinker.  
 According to Carino and Tank (1990) the activation energy not only depends on the type 
and strength class of cement, but also on the water/cement ratio, additions and admixtures. 
Since for the production of high strength concrete both additions and admixtures are often 
used, their effects on the maturity of concrete should be considered. Presently there is no data 
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basis available, which would enable to propose a modification of Eq. (8-2) in order to 
consider these influences. Therefore, whenever accurate estimates of temperature effects are 
required, the activation energy Q should be determined experimentally. 

Another approach for the evaluation of the data for high strength concrete was applied by 
Bergner (1997). He investigated the temperature effect by curing concrete specimens (w/c = 
0.33) for 7 days in a climatic chamber at temperatures of 4 °C, 7 °C, 23 °C, 36 °C, 42 °C and 
60 °C, respectively (see also section 8.4). For the calculation of the so-called weighed 
maturity the CEMIJ-method (Weigler and Karl [1989]) was used. According to Eq. (8-3) the 
weighed maturity Rg is a function of time, temperature and the type of cement.   
 

 
( )( )0.1 T 1.245 2.245

g iR 10 ( C C ) / lnC t∆⋅ − −= ⋅ − ⋅∑  (8-3) 

 
where: C a factor, dependent on the cement type, and which can be experimentally  
  determined; C = 1.3 for an ordinary Portland cement 
 T average concrete temperature within ∆ti intervals.  
 

Figure 8-1 shows the compressive strength of concrete as a function of the weighted 
maturity. Since the symbols for different curing temperatures follow approximately a steadily 
increasing curve, the proposed relation (Eq. (8-3)) seems to work well also for high strength 
concrete.    
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 8-1: Development of the compressive strength as a function of the weighted maturity 
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8.3 Thermal expansion  
 

The coefficient of thermal expansion αcT of concrete depends on the coefficients of 
thermal expansion of the aggregates αgT and of the hydrated cement paste αhpT, on the volume 
fraction of the aggregates vg and of the paste vhp, as well as on the moisture state of the 
concrete. For both, normal strength concrete and high strength concrete, it may be estimated 
from Eq. (8-4), refer to e.g. Ziegeldorf et al. (1979). 
 
 αcT = αgT ⋅ vg + αhpT ⋅ vhp (8-4) 
 
 The coefficient of thermal expansion of hydrated cement paste, αhpT primarily depends on 
the moisture content of the paste and amounts to about 10⋅10-6 1/K for water saturated and for 
very dry paste to a maximum value around 20⋅10-6 1/K at a relative humidity of about 70 %.  
 For the production of high strength concrete various types of aggregates, partly given in 
Table 8-1, can be used. Generally, the coefficient of thermal expansion of the aggregates 
increases with an increasing quartz content. 
 Coefficients of thermal expansion of normal weight concrete, including high strength 
concrete, range from about 5.5⋅10-6 1/K to about 14⋅10-6 1/K. Typical values for such 
concretes in an air-dry state made of different types of aggregates are listed in Table 8-1. 
They are somewhat lower for water-saturated concrete. 
 

Type of aggregate Coefficient of thermal 
expansion αcT ⋅10-6 [1/K] 

 Quartzitic rock, sand or gravel 12 – 14 
 Granite, gneiss 9 – 12 
 Syenite, diorite, gabro, diabase, basalt 8.5 – 11 
 Dense limestone 6.5 – 9 

 
Table 8-1: Effect of the type of aggregate on the coefficient of thermal expansion of concrete, acc. to 
Dettling (1962) 

 
 For the purpose of structural analysis the same coefficient of thermal expansion as 
proposed by CEB-FIP MC 1990, i.e. αcT = 10⋅10-6 1/K, may be used also for high strength 
concrete. 
 The linear relationship between thermal strain and temperature change, expressed by the 
coefficient of thermal expansion, holds true only for temperatures in the range of about 0 °C 
to 60 °C. The coefficient of thermal expansion increases with increasing temperature, in 
particular for higher temperatures. 
 
 
8.4 Mechanical properties 
 

The effect of the temperature at the time of testing on the mechanical properties of high 
strength concrete has not been investigated so far. From the investigations on normal strength 
concrete without exchange of moisture it is known that for concrete with a higher content of 
cement paste, which is often the case for high strength concrete, a more pronounced decrease 
of the strength and stiffness can be observed (Mechtcherine [2000]). 

In the cases where a moisture exchange takes place, the effect of temperature on the 
mechanical properties depends on the size and shape of the member. According to CEB-FIP 
MC 1990, as a first approximation for the compressive strength the effect of the temperature 
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can be neglected since the reduction in strength due to a temperature increase is offset by an 
increase in strength due to drying. The effect of drying might however be less pronounced in 
the case of high strength concrete, which has only a small content of capillary water. So the 
reduction of the compressive strength with increasing temperature should be higher. 

According to CEB-FIP MC 1990 the uniaxial tensile strength and the tensile splitting 
strength are not significantly affected by the temperature at the time of testing. However, 
newer research results by Mechtcherine et al. (1995) and Slowik (1995) show, that for normal 
strength concrete a considerable decrease of the uniaxial tensile strength can be observed with 
increasing temperature. Further, the moisture gradients due to drying cause a significant 
decrease of the tensile strength, in particular of the uniaxial tensile strength and the flexural 
strength. The temperature gradients may influence the obtained values of the tensile strength 
as well.  

According to the formula by CEB-FIP MC 1990 the fracture energy of concrete decreases 
significantly with increasing temperature. Though, Mechtcherine et al. (1995) and Slowik 
(1995) found no effect of the temperature on this material parameter. 

In the following sections mainly the data concerning the effect of curing temperature on 
the mechanical properties will be presented, i.e. the maturity of concrete is the main 
parameter. 
 
 
8.4.1 Compressive strength 
 

Bergner (1997) investigated the temperature effect by curing concrete specimens (w/c = 
0.33) for 7 days in a climatic chamber at temperatures of 4 °C, 7 °C, 23 °C, 36 °C, 42 °C and 
60 °C. Specimens cured at higher temperatures possessed, after 2 days and 7 days, already 
80 % and 95 % of the 28 days strength, respectively. Those cured at low temperatures 
exhibited after 7 days just 70 % of the 28 days strength, cf. Figure 8-2. 

Marzouk and Hussein (1990) studied the behaviour of a high strength concrete containing 
12 percent of fly ash and 8 percent of silica fume by mass of Portland cement. Cast specimens 
were cured for 24 hours at a temperature of 20 °C in a climatic chamber and then exposed to 
ocean water in pre-prepared tanks at 20 °C, 10 °C, 0 °C, -5 °C and -10 °C, respectively, for a 
time period of 1 to 91 days (the study was carried out with regard to the utilization of the high 
strength concrete for offshore structures in ocean cold regions). 

Figure 8-3 shows a considerably slower strength development at lower temperatures of the 
applied ocean water compared with the corresponding values for the concrete kept in ocean 
water at a temperature of 20 °C. With decreasing temperature this tendency becomes more 
and more pronounced. This effect might be traced back to both, a slower cement hydration 
and to a low reactivity of the calcium hydroxide, a byproduct of the hydration process. Its 
reaction with silica fume and fly ash, which is referred to as the secondary hydration process 
forming a tobermorite gel, can only slowly proceed at low temperatures.  

Marzouk and Hussein (1990) found that a logarithmic function according to Eq. (8-5) is in 
good agreement with their experimental results.  
 

fcc = a + b · log t (8-5) 
 

where:  fcc  compressive strength in MPa 
t  time in days 
a, b constants. 
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Fig. 8-2: Development of the compressive strength – effect of temperature, acc. to Bergner (1997)  
 
 

 
Fig. 8-3: Development of the compressive strength – effect of storage in ocean water at different temperatures, 
acc. to Marzouk and Hussein (1990) 
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In a further study Marzouk and Hussein (1995) found out for the same composition of 
concrete that a prolongation of curing at room temperature of 20 °C from 1 day to 14 or 28 
days before placing the specimens into the tanks with cold ocean water very positively affects 
the strength development, see Figure 8-4.  

 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 8-4: Development of the compressive strength – effect of curing period prior to storage in ocean water, 
acc. to Marzouk and Hussein (1995) 
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different amounts of silica fume (SF), between 0 and 24 % by cement weight. The results are 
presented in Figure 8-5.  

At higher concrete ages an apparent increase of the compressive strength of concrete with 
increasing amounts of silica fume was observed for both series, whereas the effect of silica 
fume on the strength of concrete stored at the temperature of 50 °C was more pronounced. 
However, the development of the compressive strength with time was strongly affected by the 
storage temperature.  
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Fig. 8-5: Development of the compressive strength – effect of the content of silica fume and temperature; 
storage in water, acc. to Wild et al. (1995) 
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the compressive strength at early concrete age. The explanation might be an increase of the 
formation of Portlandite due to the presence of silica. Pozzolanic reactions are at this 
temperature rather slow. With increasing age of concrete the contribution of the reactions 
between silica fume and Portlandite crystals and as a result the formation of additional C-S-H 
gel at the interfacial zone between the cement paste and aggregate becomes more and more 
pronounced. For concretes containing a higher amount of silica fume a higher increase of 
strength in time could be observed. 

At the temperature of 50 °C not only the hydration process of alite and other cement 
components are faster, but also the pozzolanic reactions proceed at a much higher rate. This 
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of silica fume, already at an age of 3 days. On the other hand the further increase of the 
strength is much less pronounced in comparison with concretes stored at the room 
temperature. This is especially true for concretes with a very high content of silica fume. 
 
 
8.4.2 Tensile strength and modulus of elasticity 
 

Marzouk and Hussein (1990, 1995) studied the effect of curing in ocean water at different 
temperatures on the tensile splitting strength and the modulus of elasticity of high strength 
concrete containing 12 percent of fly ash and 8 percent of silica fume by mass of Portland 
cement. The results are presented in Figure 8-6 and Figure 8-7, respectively. The same 
tendencies as for the corresponding compression tests could be observed (see section 8.4.1).  
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Fig. 8-6: Development of the splitting tensile strength – effect of curing time prior to storage in ocean 
water, acc. to Marzouk and Hussein (1995) 
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9 Transport of water, vapour and chloride in hardened 
concrete 

 
9.1 Introduction 
 

Constitutive laws for estimating the transport of water, vapour and chloride in Portland 
cement based systems are outlined. The diffusivity, permeability and capillary conditions of 
concrete are modelled. Normal concrete is regarded as a porous material affected by the 
ambient climate. A low water-cement ratio, w/c, may affect several characteristics of 
concrete, first of all degree of hydration, α, and curing. The corrosion of reinforcement and 
the freeze-thaw resistance are factors affected entirely by the lower w/c ≤ 0.40 of High 
Performance Concrete, HPC. The chloride diffusion is dependent on w/c of the concrete as 
well as the diffusion of gas [Tuutti (1982)]. Above a certain degree of pore saturation a 
substantial amount of surface concrete will spall due to ice lenses created in freeze-thaw 
periods [Fagerlund (1976, 1994)]. A freeze-thaw resistant concrete must be either air-
entrained or contain a sufficient air-filled pore volume developed due to the chemical 
shrinkage that takes place during the hydration. In this case knowledge of the state of 
moisture in the concrete is of the utmost importance, too. It was observed that concretes with 
low w/c-ratios show an internal relative humidity, RH, substantially lower than 1 even when 
they were stored under water. It was then of general interest to investigate the diffusivity, 
permeability and the capillarity of HPC to explain the properties of the material. Mechanisms 
of moisture transfer may be explained by modelling the diffusivity and the capillary 
conditions of HPC. Figure 9-1 shows the water diffusivity of cement mortar with w/c varying 
between 0.40 and 0.80 as a function of RH [(Nilsson (1977)]. The diffusivity of HP cement 
mortar (w/c = 0.40) was less dependent on RH than that of normal cement mortar. Also the 
resistance to capillary suction, m = t/h², where t is time and h is penetration depth, is clearly 
dependent on w/c, Figure 9-2 [Ahlgren et al (1972), Persson (1992)]. Figure 9-2 shows m 
versus the capillary porosity of the paste of cement mortar, P(cap)p = (w/c-
0.39·α)/(0.317+w/c). Also the coefficient of chloride migration, D, is related to w/c but also 
to the cement content and the content of mineral additives of the concrete, Figures 9-3 and 9-
4. High efficiency of blast furnace slag on the chloride migration coefficient was observed. 
On the other hand, slag content in HPC may decrease the frost resistance [Persson (2001)]. 
The vapour permeability of mature HPC (dependent on w/c and RH) was substantially lower 
than that of normal concrete, Figure 9-5 [Persson (1992)]. 
 
 
9.2 Parameters affecting water, vapour and chloride transport in HPC 
 

The main factors affecting water and chloride transport in HPC are w/c, α, RH and the 
content of silica fume and other mineral additives. Concrete, which is regarded as a fine 
porous material, has a great ability to bind moisture and chlorides. The higher RH, the more 
water can be bound. The higher the cement gel content, the more chlorides may be bound. 
The ability to bind moisture, hygroscopicity, depends on either adsorption, at RH < 0.45, or 
capillary condensation, at RH ≥ 0.45. HPC possesses less mixing water than necessary to 
reach the maximum degree of hydration, αmax = 1. Due to chemical shrinkage, self-
desiccation takes place, which lowers RH in the concrete until the reaction ceases, at about 
RH ≈ 0.70. Silica fume is more or less necessary to use in order to obtain acceptable fresh 
HPC properties but also for the purpose of the high strength of HPC. The content of silica 
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fume in HPC affects the moisture properties of HPC as well as the chloride ingress, especially 
at early ages.  
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9.3 Constitutive laws for transport of water, vapour and chloride  
 

A general relationship for transport of water in concrete exists [Persson 1992)]:  
 

m = -2.911·P(cap)p
2 + 0.3783·P(cap)p + 0.533 {R2 = 0.91} (9-1) 

where 
m  = t/h² the resistance to capillary suction (s/m²)  
t  time (s) 
h  penetration depth (0.005 < h < 0.03 m) 

 
 For vapour transport of mature HPC the following correlation was found [Persson (1992)]: 
 

δc = (97.4·(RH) - 59)·(w/c)² - (66.6·(RH) - 41.5)·w/c +14.2·(RH) - 9.7 (9-2) 
 
where 
 

w/c denotes the water-cement ratio (0.25 < w/c < 0.50) 
RH denotes the relative humidity (0.90 < RH < 0.95) 
δc denotes the vapour permeability of HPC (x106 m²/s) 

 
The vapour permeability of mature HPC seems to have a minimum at w/c ≈ 0.30. The 

reason for this may be compaction problems at w/c < ≈ 0.30. At larger depth of the concrete, 
especially of HPC, the water transport is more or less prohibited by internal forces mainly due 
to autogenous shrinkage [Persson (1997, 1997a)]. Even after 13 years of water curing 
concrete did not obtain saturation, Figure 9-6. Long-term RH in 1 m diameter concrete 
columns was correlated in the following way [Persson (1996)]: 
 

RHA = 0.91·(w/c) 0.2322 {R2 = 0.93} (9-3) 
RHS = 0.96·(w/c) 0.1989 {R2 = 0.82} (9-4) 
RHW  = 0.84·(w/c)-0.0152 {R2 = 0.52}  (9-5) 

 
where 
 

A  denotes air curing  
RH  denotes long-term RH in 1 m diameter columns after 13 years  
S  denotes sealed curing  
W  denotes water curing 

 
The following equation for the chloride migration coefficient, D, is based on studies on 

concretes with a low-alkali CEM I 42.5 BV/SR/LA cement (C3A = 1.7 % and C4AF = 13 %), 
typical for HPC production [Persson (2001)]: 
 

D={[(0.0055·ln(t)–0.2122)·c–3.5·ln(t)+104]·(4·w/b-1.2)/0.4}·(10-12) {R²=0.88}  (9-6) 
 
where 

c denotes the cement content (375 < c < 450 kg/m³) 
D denotes D (⋅10-12 m2/s) 
ln(t) denotes the natural logarithm of concrete age (1 < t < 36 months) 
w/b denotes the water-binder ratio, 1:1 (0.35 < w/b < 0.50) 
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The following equation was obtained for the Pozzolan interaction between Portland 
cement and additions of silica fume, fly ash and slag as regards D [Boubitsas (2000), CTH 
Nordtest 492, Tang (2000), Persson (2001, 2001a)]: 
 

ceq. = c + 0.2·fl + 1.6·sf + 1.0·sl          {R2 = 0,81} (9-7) 
where 
 

ceq. denotes the equivalent amount of cement to be used in equation (9-6) 
fl denotes the amount of fly ash (0.1 < (fl/c) < 0.25) 
sf denotes the amount of silica fume (0.05 < (sf/c) < 0.12) 
sl denotes the amount of slag (0 < (sl/c) < 0.70) 
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Fig. 9-6: Long-term RH in 1 m concrete 
columns versus w/c. s = 10% silica fume, A = 
air curing, S = sealed, W = water 

 
 
9.4 Conclusions 
 

Constitutive laws for estimating the transport of water, vapour and chloride in Portland 
cement based systems were outlined. The diffusivity, permeability and capillary conditions of 
concrete were modelled. HPC generally exhibited lower water and chloride transport 
coefficients than normal concrete. For vapour transport a minimum transport coefficient 
seems to exist at w/c ≈ 0.30 (thus increasing at lower and larger w/c than 0.30). 
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