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1 Introduction

Damage and fracture in heterogeneous materials pose difficult problems from both an experimental and
a modeling standpoint. Experimental problems stem from the difficulties characterizing the microstruc-
tural state of the material both before and after damage occurs. Modeling problems stem from the
difficulties representing those material states when there is an extensive range of relevant length scales.
In this work we are taking steps to address the former, with the belief that such progress can lead to
improvements in modeling capabilities..

In this work we examine ways in which direct measurements of a material’s internal structure may be
incorporated into a computational modeling framework. The motivation for this is straightforward: if we
can accurately capture the micromechanical mechanisms, then length scales and other model parameters
are explicitly represented. Such physically based models can aid in the development of materials for sus-
tainable concrete structures through rapid simulations, and tasks such as NDE and condition assessment
can incorporate a physical basis.

In this paper, we describe a 3D imaging technique and the corresponding data analysis that can
be used to extract micromechanical information. In a subsequent paper, we detail model development
and provide example simulations. These efforts are steps toward our goal of using physically-based
computational models to support the development of sustainable concrete structures..

2 Methods and Materials

2.1 X-Ray Microtomography

X-ray Microtomography (XMT) is an image acquisition method that produces a 3-dimensional map
of an objects x-ray absorption through the mathematical reconstruction of a series of 2-dimensional
radiographic images taken over many different rotation angles. It is similar in practice to the better known
medical CAT-scans, but here we exploit the high flux, monochromatic synchrotron x-ray source[1, 2].
As the different phases in a material typically exhibit characteristic x-ray absorption, the 3-dimensional
map may be interpreted as a material phase map. XMT has gained relatively wide usage for a wide range
of materials applications [3], and its use is growing due to the increasing availability of both laboratory
scale instruments and synchrotron-based facilities.

Figure 1 illustrates both a schematic of the imaging system as well as a slice image and a 3D rendering
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Issues for Presentation

• Problems with heterogeneous materials:

- Characterization of internal structure

- Representation of internal structure

• Value of microstructure-based models:

- Model parameters extracted directly from 
measurements

- Bulk properties follow directly from 
micromechanical phenomena
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• High resolution 3D imaging
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Figure 7. Domain discretization. (a) Delaunay tessellation of nodal point set; (b)
dual Voronoi tessellation; and c) lattice element ij and view of zero-size spring set.

Displacement degrees of freedom are defined at nodal points associated with each

rigid cell. Element ij consist of two rigid arms, which extend from the nodes of two

neighboring cells, joined by a zero-size spring set positioned at the area centroid (point

C) of the boundary segment common to both cells (Fig. 7). Elastic properties of the bulk
continuum are obtained through appropriate assignment of the spring coefficients [42].

Lattice models constructed from rigid-body-spring elements have been applied to

simulating fracture in concrete materials and structures [43]. The original approach of

Kawai has been extended in several significant ways [43, 44]. Domain discretization

is based on the Delaunay/Voronoi tessellation of an irregularly distributed set of nodal

points (Fig. 7). The lattice topology is defined by the Delaunay tessellation of the nodes;
rendering of the concrete volume, and the assignment of lattice element properties, is

based on the dual Voronoi tessellation of the same set of nodes.

The spring sets joining Voronoi cells consist of three axial springs, oriented normal

and tangential to the facet, and three rotational springs about the same local (n-s-t)

axes. The stiffness coefficients of the axial springs are:

ks = kt = α1kn = α1α2E
Aij

hij

, (2)

where Aij is the Voronoi facet area; hij is the distance between nodes i and j; α1

and α2 are parameters, set in conjunction with a uniaxial tension test simulation, to

provide macroscopic representation of both elastic modulus E and Poisson ratio ν. For

the special case of α1 = α2 = 1, the lattice is elastically homogeneous, although the
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Fracture Analysis
• Fracture Energy

- Net work of load, dU

- new surface area, dA

• connected components analysis

- G = dU/dA

• Fragmentation

- estimated through segmented distance transform
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Fracture Analysis
• Fracture Energy

- Net work of load, dU

- new surface area, dA

• connected components analysis

- G = dU/dA

• Fragmentation

- estimated through segmented distance transform
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Material
Net work

of load
(mJ)

New 
surface 

area 
(mm2)

Fracture 
energy
(J/m2)

Number 
of 

fragments

Paste 5.0 167 30 12

Mortar 11.2 294 38 4041

UHP 
Concrete 13.0 260 50 3655

            Measurements
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Model Integration
• High resolution 3D imaging

• Discrete element modelingPhysical processes in concrete fracture 15
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Figure 7. Domain discretization. (a) Delaunay tessellation of nodal point set; (b)
dual Voronoi tessellation; and c) lattice element ij and view of zero-size spring set.

Displacement degrees of freedom are defined at nodal points associated with each

rigid cell. Element ij consist of two rigid arms, which extend from the nodes of two

neighboring cells, joined by a zero-size spring set positioned at the area centroid (point

C) of the boundary segment common to both cells (Fig. 7). Elastic properties of the bulk
continuum are obtained through appropriate assignment of the spring coefficients [42].

Lattice models constructed from rigid-body-spring elements have been applied to

simulating fracture in concrete materials and structures [43]. The original approach of

Kawai has been extended in several significant ways [43, 44]. Domain discretization

is based on the Delaunay/Voronoi tessellation of an irregularly distributed set of nodal

points (Fig. 7). The lattice topology is defined by the Delaunay tessellation of the nodes;
rendering of the concrete volume, and the assignment of lattice element properties, is

based on the dual Voronoi tessellation of the same set of nodes.

The spring sets joining Voronoi cells consist of three axial springs, oriented normal

and tangential to the facet, and three rotational springs about the same local (n-s-t)

axes. The stiffness coefficients of the axial springs are:

ks = kt = α1kn = α1α2E
Aij

hij

, (2)

where Aij is the Voronoi facet area; hij is the distance between nodes i and j; α1

and α2 are parameters, set in conjunction with a uniaxial tension test simulation, to

provide macroscopic representation of both elastic modulus E and Poisson ratio ν. For

the special case of α1 = α2 = 1, the lattice is elastically homogeneous, although the
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developed in which the aggregate particles were spherical beads. This simplification 
was done to facilitate meshing of the lattice model, and it allows us to remove 
geometric variations in aggregates from the list of experimental variables. The 
selected aggregates were nominal 0.5 mm spheres made of soda lime glass. In order 
to vary the cement-aggregate interface bond strength, both smooth (as purchased) 
and etched beads were used. The specimens were etched using a very dilute HF acid. 
An example of a tomographic scan of such a specimen is shown in Figure 5, where 
the spherical aggregates appear as a relatively uniform gray level in the image. 

As the primary objective of this work was to match numerical to real specimens, 
we developed an image processing routine that allowed us to isolate the individual 

 

Figure 4.  Vertical tomographic section of fractured cement paste specimen. Image 
highlights multiple cracks that appear at the load points after the main vertical tensile 
crack forms. 

 
Figure 5.  Vertical tomographic section of fractured specimen with glass bead aggregates. 
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Fracture Sequence

451 of the glass aggregates are similar to those of portland cement.
452 However, because the aggregate composition is highly uniform
453 compared to that of the cement matrix, we could identify aggre-
454 gates by calculating the standard deviation of the intensities
455 (brightness) of a 5 ! 5 ! 5 voxel array surrounding each voxel.
456 Within the aggregates, this standard deviation is quite low com-
457 pared to that of the surrounding matrix. A cross-section of this pro-
458 cessing is illustrated in Fig. 9. The segmented 3-D image of the
459 glass aggregates is shown in Fig. 10a. Once the aggregates are iden-
460 tified, their centroids can be located and their effective diameters
461 can be measured for use in a matched lattice model.

462 4.2. Model description and calibration

463 Micro-concrete specimens are discretized as shown in Fig. 10b,
464 where the sizes and locations of the glass aggregate inclusions are

465obtained from the 3-D tomographic analyses. Each glass aggregate
466is thus identified and represented by its volume and the (X,Y,Z)
467coordinates of its centroid. In close agreement with the test speci-
468mens, the volume of each aggregate is represented as a sphere. For
469comparison, Man and van Mier [27,28] map X-ray tomographic
470data directly onto a lattice structure to obtain high-resolution
471discretizations of actual concrete aggregates, which are irregular
472in shape and possess non-convex features. Their use of basalt
473and marble aggregates, which are significantly denser than the
474cement-based matrix, heightened the contrast of phases within
475the tomographic images and therefore facilitated the phase
476identification.
477Element types are assigned according to a three-phase repre-
478sentation of the micro-concrete: fine-grained mortar matrix, glass
479aggregate inclusions, and the matrix–aggregate interfaces. As ex-
480plained earlier in this paper, the fracture criterion depends on ele-
481ment type. For the homogeneous phases (matrix and aggregate),
482fracture depends on maximum principal stress, obtained from
483the stress tensor given by Eq. (6), and a tensile strength limit (Sec-
484tion 2.4.2). For the phase interfaces, fracture is based on a multi-
485component vectorial measure of stress, limited by a Mohr-Cou-
486lomb surface with a tension cut-off (Section 2.4.1). To maintain
487elastic uniformity of the homogeneous phases, a1 = a2 = 1.0, which
488results in m = 0.
489Incremental loading is applied along three arrays of nodes that
490run across the top and bottom of the specimen. Neither the nonlin-
491ear contact conditions nor friction along the contact surface are
492considered in these simulations. To reduce computational cost, half
493of each cylinder specimen in the longitudinal direction is modeled.
494Furthermore, inclusions outside of the assumed loading path (i.e.
495outside of the interval "1 6 X 6 1 mm), and those close to the cyl-
496inder boundary, have not been discretized. A typical numerical
497specimen consisted of about 13,000 nodes (which equates to
498roughly 80,000 degrees of freedom).

Fig. 7. Images of a cylinder section: (a) unloaded; (b) just prior to peak load; and (c) after peak load.

Fig. 8. (a) Untreated and (b) acid-etched-glass aggregates used as micro-concrete
inclusions.

Fig. 9. Glass aggregate identification: (a) Raw data image; (b) regions of low standard deviation of voxel intensities; and (c) binary image highlighting of aggregates.
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Figure 7. Domain discretization. (a) Delaunay tessellation of nodal point set; (b)
dual Voronoi tessellation; and c) lattice element ij and view of zero-size spring set.

Displacement degrees of freedom are defined at nodal points associated with each

rigid cell. Element ij consist of two rigid arms, which extend from the nodes of two

neighboring cells, joined by a zero-size spring set positioned at the area centroid (point

C) of the boundary segment common to both cells (Fig. 7). Elastic properties of the bulk
continuum are obtained through appropriate assignment of the spring coefficients [42].

Lattice models constructed from rigid-body-spring elements have been applied to

simulating fracture in concrete materials and structures [43]. The original approach of

Kawai has been extended in several significant ways [43, 44]. Domain discretization

is based on the Delaunay/Voronoi tessellation of an irregularly distributed set of nodal

points (Fig. 7). The lattice topology is defined by the Delaunay tessellation of the nodes;
rendering of the concrete volume, and the assignment of lattice element properties, is

based on the dual Voronoi tessellation of the same set of nodes.

The spring sets joining Voronoi cells consist of three axial springs, oriented normal

and tangential to the facet, and three rotational springs about the same local (n-s-t)

axes. The stiffness coefficients of the axial springs are:

ks = kt = α1kn = α1α2E
Aij

hij

, (2)

where Aij is the Voronoi facet area; hij is the distance between nodes i and j; α1

and α2 are parameters, set in conjunction with a uniaxial tension test simulation, to

provide macroscopic representation of both elastic modulus E and Poisson ratio ν. For

the special case of α1 = α2 = 1, the lattice is elastically homogeneous, although the

Modeling with Rigid body-spring lattice network

Delaunay tessellation 
of nodal points

Dual Voronoi 
tessellation



Modeling Cement Paste

4     Short title of the book 

3. Lattice Formulation & Simulation 

Lattice representations of heterogeneous materials have been used for a number 
of years, emerging from work in statistical physics (Herrmann and Roux 1990). The 
philosophy of the approach used here is that statistical variations and disorder can be 
explicitly represented in a way that resembles the actual material. 

In the approach applied here, lattice topology is based on the Delaunay 
tessellation of nodal points within the specimen domain. The dual Voronoi 
tessellation defines the elastic and fracture properties of the lattice elements (Berton 
and Bolander 2006). This discretization involves a three-phase representation of the 
material meso-structure as follows: hardened cement paste, aggregates, and cement-
aggregate interface. 

Figure 3 shows the simulated fracture pattern for a split-cylinder without 
aggregate inclusions.  Fracture initiates in the central region of the specimen, where 
the tensile stress is quasi-uniform, and propagates toward the load platens. 
Qualitatively, the general pattern of fracture is consistent with that observed in the in 
situ tomographic scans (Figure 4.) Specifically, while the mesh was relatively 
coarse, we obtained qualitative agreement in both the physical features of the 
fractured specimen (appropriate crack branching and crack spatial distribution) and 
the shape of the load deformation curve. 

4. Examination of Specimens with Spherical Inclusions 

Of particular interest in random heterogeneous materials such as concrete is the 
properties of the cement-aggregate interface. Presented here are the first steps of a 
process that will enable us to characterize interfaces in situ. A model specimen was 

a) b)  

Figure 3.  Simulation of split cylinder test: a) fracture development from central region 
of model toward the load platens; and b) frontal view of fracture surface. 
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tation of material structure (at the micro/meso scale of observation) provides a means for
studying pre-critical cracking and, ultimately, material strength and post-peak toughness.

a) segmented tomographic image b) lattice model discretization

Figure 1: Glass bead inclusions in a mortar matrix

2 METHODOLOGY

Tomographic images of unloaded micro-concrete, split-cylinder specimens provide ini-
tial configurations for the 3D lattice models, as shown in Fig. 1. Glass beads act as
aggregate inclusions with the small-scale (4 mm diameter) specimens. Lattice topology is
based on the Delaunay tessellation of nodal points within the specimen domain; the dual
Voronoi tessellation defines the elastic and fracture properties of the lattice elements.1,2

This discretization involves a three-phase representation of the material meso-structure:
hardened cement paste matrix, aggregate inclusions, and matrix-inclusion interface. The
regular discretization of the cylinder surface facilitates load application and adjustment
of the contact area with the load platens.

The Voronoi polygons tiling the spheres in Fig. 1b correspond to the interface between
the matrix and glass bead inclusions. The interface is assumed to be weak, as it is in
normal concrete. The lattice approach is versatile in its control of interface thickness,
which has been set at a/50 for these simulations, where a is the inclusion diameter.

As part of validation efforts prior to simulating the split-cylinder test, the lattice ap-
proach was used to model a stiff, spherical inclusion embedded in a matrix under uniform
(far-field) tension.1 Element breaking is assumed to be brittle and based on a Mohr-
Coulomb surface with a tension cut-off. Two types of matrix-inclusion interface were
considered: an interface with uniform strength properties and an interface with random
strength assignments. For the latter case, strength of the interface elements was normally

2
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force and index I corresponds to each of the n� s� t axes, respectively. The194

determination of the critical stress ratio �c (Eq. (3)) involves the calculation195

of � = OP/OPo for each interface element, where OP = (⇥2
n + ⇥2

s + ⇥2
t )

0.5 and196

Po is the point where OP intersects the Mohr-Coulomb surface (or the tension197

cuto� surface) as shown in the figure.198

At this stage in the model development, there is no option to soften the in-199

terface element or provide a frictional plateau for shear loading, even though200

test results indicate frictional resistance is maintained after interface strength201

is overcome in shear [1].202

2.4.2 Fracture of homogeneous phases203

The RBSN was first applied to modeling fracture driven by predominately204

tensile loading. For such cases, a vectorial representation of stress is su⇤cient.205

In Yip et al. [41], the forces in the uniaxial springs connecting two cells (at206

point C in Fig. 2c) are calculated for each iteration cycle. The resultant of this207

set of forces, FR = (F 2
n + F 2

s + F 2
t )

0.5, is used to obtain a measure of tensile208

stress within each element209

⇥R =
FR

AP
ij

(5)210

where AP
ij is the projected area of Aij on a plane perpendicular to FR. This211

⇥R serves as ⇥e in Eq. (3), whereas ⇥̂ varies according to a tensile softening212

relation [4,5,9].213

This uniaxial, vectorial stress approach to fracture within the RBSN is energy214

conserving and mesh insensitive for predominantly tensile stress fields [5,9].215

However, complications arise when such uniaxial notions of stress are applied216

to modeling cases of multiaxial stress (e.g. the modeling of split-cylinder tests217

considered later in this paper.) For such loading situations, it is often the case218
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• Three phase: matrix, inclusions, interface

• Failure criteria:
- Matrix and inclusions: max principal tensile failure

- Interface: Mohr-Coulomb with tensile cut-off
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case (Fig. 6b). At this stage of the investigation, the random assignment of255

strength is not spatially correlated.256

With increasing loading, interface elements most directly aligned with the257

loading direction are the first to break, as shown in Fig. 6c for the case of258

uniform interface strength. Positioning of the corresponding fracture events259

in Mohr-Coulomb stress space signifies element breaking under nearly pure260

tension. Due to the sudden removal (brittle fracture) of the first of these ele-261

ments, neighboring elements undergo fracture even without increasing the load262

point displacement. This unstable crack propagation, characterized by fracture263

events drifting from the fracture surface, is assisted by the lack of artificial het-264

erogeneity in the interface modeling. By appropriately advancing/retracting265

load-point displacements, the fracture events can be held to the fracture sur-266

face. However, the sequencing of events is not altered and the depiction of267

events (in Fig. 6d) is arguably more descriptive of model behavior. As aggre-268

gate debonding continues, it is increasingly a tension-shear phenomenon. The269

fracture process eventually stabilizes, in the sense that small increases in load270
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566 region. The high-resolution of cracking in the tomographic images
567 enables accurate calculations of crack surface area and crack
568 branching [21,22]. Finer discretization throughout the model do-
569 main would enable consideration of such finer scale features and
570 their statistics, and a larger range of aggregate sizes when model-
571 ing ordinary concrete materials. Through effective utilization of
572 computing technologies, more realistic structures can be discret-
573 ized, as seen in the recent work of Man and van Mier [27,28].

574 4.3.2. Load–displacement patterns
575 Fig. 13 compares experimental and simulated load–displace-
576 ment curves for each type of glass aggregate surface. The initial
577 stage of the experimental curves exhibits hardening behavior that

578is typically associated with the nonlinear contact conditions be-
579tween the circular cross-section and the planar load platens. Tomo-
580graphic sections adjacent to the platens, in the X ! Y plane, also
581revealed non-uniform contact conditions due to irregularities in
582cylinder geometry, which likely contributed to this hardening
583behavior. In plotting the experimental curves, the start of each
584curve is offset so that a tangent to the linear portion of the curve
585(at higher loads) passes back through the origin. As matrix stiffness
586and strength were calibrated with an independent data set, these
587simulation results are predictions, at least to some degree.
588The fine-grained mortar specimens used for calibration had an
589average peak load of 360 N. The average peak loads of the test
590specimens with unetched and etched aggregates were 230 N and

(a) (b)

(c) (d)
Fig. 12. Typical post-peak damage patterns: (a, c) tomographic images; and (b, d) lattice model results.

(a) (b)

Fig. 13. Load–displacement response of split-cylinder specimens: (a) unetched-glass aggregates and (b) etched-glass aggregates.
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499 A numerical model was constructed for each of the specimens
500 containing aggregates, except for one of the E-series specimens
501 that exhibited abnormal behavior during physical testing. Apart
502 from the classification of matrix–aggregate interface properties,
503 these models differed only in the positioning of aggregate inclu-
504 sions within specimens. Modulus of elasticity and tensile strength
505 of the matrix were determined to be 8 GPa and 12 MPa, respec-
506 tively, by calibrating the lattice model results (without inclusions)
507 to the average response of the fine-grained mortar specimens. A re-
508 duced modulus of elasticity was used for the elements meeting the
509 contact points to account for local effects. As a check, comparison
510 was made with the well-known relation for estimating tensile
511 stress from split-cylinder test results, i.e.
512

f ¼ 2P
pbd ð7Þ514514

515 where b and d are the width and diameter of the split-cylinder
516 specimen, respectively, and P is the applied load. For the average

517peak load of the fine-grained mortar specimens, Eq. (7) gives
518fm = 11.8 MPa, which is close to the calibrated value.
519As noted in Section 3, each Voronoi polygon tiling a spherical
520inclusion corresponds to an interface element (Fig. 10b). Interface
521thickness was set to ti = 10 lm, which is approximately da/50.
522Observations of the tomographic images did not justify larger val-
523ues of interface thickness. Post-test study of the fracture surfaces
524indicated better bonding of the etched-glass surfaces compared
525to that of the untreated glass. Small portions of the matrix were at-
526tached to the etched-glass surface, whereas interface fracture
527alongside the untreated glass produced smooth surfaces. Tensile
528strength of the interface was assumed to be half that of the matrix
529for the case of etched-glass (i.e. fi/fm = 0.5) and yet half of that for
530case of untreated glass (i.e. fi/fm = 0.25). As explained later, the pre-
531cise setting of these values did not appreciably affect the specimen
532strengths. Elastic modulus of the interface was set equal to that of
533the matrix. Elastic modulus and strength of the glass aggregates
534were set to 70 GPa and 33 MPa, respectively, as reported in the
535literature.

5364.3. Simulation results and discussions

5374.3.1. Cracking patterns
538Several stages of pre-critical crack development appear within
539the split-cylinder test models (Fig. 11). Fracture initiates along re-
540gions of the matrix–aggregate interface that are more centrally lo-
541cated within the specimen. The load at which this occurs depends
542on the strength of the interface. Increasing interface strength, as in-
543tended by acid-etching of the glass aggregate surfaces, increases
544the loads over which interface cracking occurs. With increasing
545load, debonding along the interface continues, but fracture does
546not extend far into the matrix material until reaching peak load.
547These tendencies are studied in more detail in Section 4.3.4. Tra-
548versing peak load, matrix cracks join and ultimately extend across
549the height of the specimen. There is no evidence of cracking within
550the glass aggregates.
551Cross-sections of the fractured specimens are compared in
552Fig. 12. Here, too, it is seen that cracks tend to go around the aggre-
553gates. Agreement between the cracking patterns is quite good,
554although this high degree of correspondence is not seen for many
555of the cross-sections. In the physical tests, fairly straight vertical
556cracks propagate through the matrix phase, whereas the crack pat-
557terns of the numerical model appear to be more tortuous. This dif-
558ference is due, in part, to the graphical portrayal of the fracture
559surface, which depicts cracking along Voronoi cell boundaries. It
560appears that cracking direction is aligned with the element local
561coordinate system, but this is generally not the case, as described
562in Section 2.4.2. The secondary cracking near the supports is
563roughly captured in some of the models. It is anticipated that finer
564discretization and more realistic representation of the boundary
565conditions at the load platens will improve the model in that

(a)

(b)

Fig. 10. (a) Tomographic image and (b) Voronoi discretization of split-cylinder
specimen.

Fig. 11. Frontal view of 3-D fracture sequence.
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Conclusions

• Work shows a way to integrate models and 
experiments through 3D imaging of internal 
structure.

• Tomography allows quantitative analysis of 
material structure.

• Lattice explicitly captures heterogenieties.

• Through use of matched specimens we can 
examine microstructural basis for material 
performance.


