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Abstract 

The use of Ultra High Performance Fibre Reinforced Concrete (UHPFRC) requires the use 

of the tensile law which is commonly identified by inverse analysis from bending tests. The 

aim of this work is to foster the identification of the UHPFRC tensile law by means of Digital 

Image Correlation (DIC) analysis in order to account the distribution of multiple cracks, the 

asymmetric position of the localized crack and the unloading of the micro-cracked parts. A 

series of unnotched UHPFRC beams with fibre volume content of 1% and 2% were tested under 

4 point bending tests (4PBT). The relationships moment-curvature M-X and moment-rotation 

M- were identified by best-fitting the deflection and rotation over the beam length at all time 

steps. By considering the rotation compatibility mechanisms, the characteristic length Lch was 

also estimated. Finally, the UHPC tensile law is estimated from the M-X relation. In agreement 

with previous methods, the proposed method was able to systematically distinguish strain 

hardening and softening UHPFRC.  

 

Résumé 

L’emploi des bétons fibrés à ultra-hautes performances (BFUP) nécessite d’utiliser une loi 

de comportement en traction qui est généralement déduite par analyse inverse d’essais de 

flexion. Le but de ce travail est de favoriser l’identification de cette loi en utilisant l’analyse 

d’images, afin de tenir compte de la multi-fissuration, de la dissymétrie introduite par la 

localisation de la fissure principale et du déchargement des zones micro-fissurées. Une série de 

poutres en BFUP non entaillées avec un taux de fibres de 1 ou 2 % a fait l’objet d’essais de 

flexion 4 points. Les relations moment-courbure et moment-rotation ont été identifiées par 

approximation de la déflexion et de la rotation sur la longueur de la poutre à chaque pas de 

chargement. En considérant la compatibilité des rotations, la longueur caractéristique Lch a 

également été évaluée. Enfin, la loi de comportement en traction du BFUP a été déduite de la 

relation moment-courbure. En accord avec les méthodes préexistantes, la méthode proposée a 

permis de distinguer systématiquement les BFUP écrouissants des BFUP adoucissants. 
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1. INTRODUCTION 

Thanks to several successful projects worldwide, several countries have been developing 

design recommendations and codes for Ultra-High Fibre Reinforced Performance Concrete 

(UHPFRC) [1]–[4]. Exceptionally, UHPFRC design principles account for the tensile 

behaviour, which is key for assuring limited crack widths for durability concerns. The non-

linear tensile law of UHPC is threefold: (i) a linear elastic part up to the first crack of the 

cementitious matrix; (ii) a strain-hardening part which is associated with the formation of 

multiple microcracks bridged by uniformly distributed short steel microfibers; (iii) a final 

softening part which is associated with the crack opening of a major crack. 

Uniaxial Tensile Test (UTT) is evidently the most direct method to characterize the 

UHPFRC tensile law [5]. However, this kind of test has 3 major drawbacks: (i) sophisticated 

closed-loop systems which are required to control the test are not always available in common 

laboratory [6]; (ii) the test results are significantly affected by the boundary conditions (e.g., 

press platen stiffness) and loading alignment [7]–[10]; (iii) cracks often can grow 

asymmetrically and sometimes create complex branching  [11].  

Therefore, the identification of the UHPFRC tensile constitutive law from a bending test has 

been the focus of several recommendations. The results of a bending tests on UHPFRC are 

usually analysed by inverse analysis to estimate the tensile law. A comprehensive introduction 

to the inverse analysis method can be found in Chanvillard et al. [12], and Casanova & Rossi 

[13]. The determination of the Moment-Curvature (M-X) from the tensile law mathematically 

consists in solving four equations with 4 unknowns (maximum curvature , neutral axis position 

n*h, crack height *h, tensile stress t at the crack mouth opening w0). In details, the 

governing equations are: 2 equations from mechanical equilibrium of the section (moment and 

axial force) of the plain section with a non-linear tensile law, a relationship between the tensile 

strength and the curvature, and compatibility relation between the rotation of the beam across 

the characteristic length of the plastic hinge (see Figure 2a).  By an iterative method, this 

procedure can be numerically inverted [12]. As for numerical issues, a data fitting algorithm 

iterative method has been developed to bypass the issue of non-uniqueness of solution of such 

inverse analysis [14], [15]. The inverse analysis requires the measurement of the crack mouth 

opening (w0), or equivalently, of the mid-span deflection, which can be estimated by integrating 

the curvature distribution. Once the crack has localized, the beam behaves as a hinge 

mechanism between 2 rigid parts, that is, the relationship between deflection and crack mouth 

opening is mostly linear.   

By the use of the concept of characteristic length Lch, which transforms the crack opening 

into an equivalent strain, the method can be simplified as it reduces to analysis of a cracked 

section with nonlinear tensile law [13]. Unfortunately, the definition of Lch which can be found 

in open literature can vary considerably, from h/2 to 2h (where h is the section height), as 

explained in a recent review on the subject [16].  

From a theoretical perspective, Chanvillard proved that it is possible to obtain flexural 

hardening behaviour with a tensile law with a post-peak strength of 50% of the maximum 

strength. That means, deflection-hardening in bending does not mean strain-hardening in 

tension.  From an experimental side, Baby et al. showed that the flexural hardening behaviour 

of UHPFRC may be characterized by two distinguished multiple crack distribution: cluster 

distribution of micro-cracks (also called multiple macrocrack)  and uniformly distributed 

microcracks [17]. Interestingly, an inverse analysis method was then developed in order to 
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distinguish between UHPFRC with strain-hardening stress-strain hardening law up to the peak 

load, followed by a stress-crack opening law from UHPFRC with only the latter behaviour [18].  

More generally, the estimation of the tensile law from inverse analysis can depend on 

simplified assumptions related to the beam deformation kinetics, such as, the multiple 

microcrack distribution, the elastic unloading after localization (which relates to the capacity 

of micro-cracks to re-close), the distribution of the curvature nearby the localized crack, and 

location of the major crack. This work aims at developing a method with less assumptions on 

the micro-crack distribution and location of the major crack for estimating the UHPFRC tensile 

constitutive law from a bending test, by means of Digital Image Correlation (DIC).   

 

2. MATERIALS AND METHOD  

2.1  Specimens 

We employed a UHPFRC material (under the commercial name of Ductal® G2 FM) 

composed by 2200 kg/m3 of premix mixture of hydraulic cementitious constituents and inert 

materials, 30 kg/m3 of high-range water-reducing admixture, 130 kg/m3 of water and steel fibres 

with a volume content Vf of 1 % or 2 %. The steel fibres have a length of 14 mm and diameter 

of 0.185 mm with an aspect ratio (L/d) of 75, a Young’s modulus of about 200 GPa and a 

yielding stress of 2860 MPa. For each beam geometry (short and long beams), 2 different series 

of 4 beams were tested, such as: (1) UHPFRC with a fiber volume content Vf = 1 %; (2) 

UHPFRC with Vf = 2 %. Two series of 4 beams were cast by varying the fibre volume content 

(Vf = 1 or 2 %). Each beam had a width of about 40 mm, a height of 100 mm, a span of 

1200 mm, a length of 1400 mm, and a load span of 400 mm as shown in Figure 1.The choice 

of dimension was made to check possible shear and size effects.  

 

Figure 1. (a) test set-up for 4PBT with LVDT positions; (b) example of surface preparation of 

the bottom beam surface for image analysis. 

2.2 Test methods 

The following laboratory tests were carried out: (1) flow-table tests; (2) compressive strength 

test; (3) chloride migration test; (4) grinding test and (5) chloride titration. As for the Digital 

Image Correlation (DIC), considering the Euler Bernoulli beam kinetics with a varying position 

of the neutral axis which accounts for damage process zone [19]. Once the beam deflection and 
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rotation have been estimated by inverse analysis, the UHPFRC moment-curvature relationship 

was estimated by best fitting the beam deflection and rotation measured by DIC analysis along 

the entire beam at all time steps. In order to account the crack discontinuity, which occurs 

approximately at the peak load, a rotation jump function was also assumed and estimated by 

the best fitting procedure.   

Following the approach of Chanvillard [12], Figure 2a shows the mechanisms of rotation 

compatibility employed in this work for which  

 
/2

0

0

( )
2

chL
w

x dx
h

 


    (1) 

Figure 2b shows the measured rotation () profile along the beam in the proximity of the 

localized crack by means of DIC analysis. The experimental profile is compared with the 

idealized one with parabolic distribution of curvature proposed by Chanvillard [12] and 

constant curvature with a jump of rotation.  

 

 

Figure 2. (a) mechanism of rotation compatibility;  

(b) comparison between the experimental rotation measured by DIC analysis across the 

characteristic length Lch zone with idealized curvature distribution (constant and parabolic). 

 

Operatively, the present method is decomposed in three steps: (i) use of DIC analysis to 

identify both M-X relationship (before crack localization) and M- afterwards; (ii) use of DIC 

analysis to estimate the characteristic length Lch by solving Eq.(1) and estimation of the 

equivalent M-X relationship which homogenizes the localized crack (Figure 2b) by means of 

the estimated Lch; (iii) identification of the tensile law which best fits the M-X relationship by 

least-squares methods. This last step is carried out by considering recently developed relations 

which explicitly link the tensile law in terms of stress-strain - to the position of the neutral 

axis and the total moment [20].  
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3.  RESULTS 
 

Figure 3a and 3b show the load vs. deflection of the series samples for the volume fraction 

of 1 % and 2 %, respectively. The test repeatability is rather satisfactory as the major difference 

comes from the position of the point of the bifurcation at which the loading softening curve 

starts, which depends on the position and time of the localization of the major crack. Both 

material showed flexural hardening, although the hardening load-displacement branch is more 

pronounced for the Vf = 2 %.  

 

 

Figure 3. Load vs. deflection curves for UHPFRC with (a) Vf = 1 % and (b) Vf = 2 %. 

Table 1shows the typical multiple crack pattern observed for the two UHPFRC at Vf = 1 % 

and Vf = 2 %. Interestingly, for the case with Vf = 1 %, the multiple cracks are not uniformly 

spaced, but the microcracks form in a microcrack cluster spaced of about 45 mm (other work 

called this pattern as “multiple macro-cracks” [17]). The beam with Vf = 2 % showed multiple 

micro-cracks uniformly spaced at the distance which is close to the fibre length. Table 1 also 

reports the mean value and standard deviation of the micro-crack number and their spacing.    

 

Table 1. Crack statistics as observed by naked eye for Vf  = 1 % and Vf  = 2 %  

Vf 

[%] 

Number 

of cracks 

Microcrack 

spacing [mm] 

Microcrack 

Pattern 
Photo 

1 
25 

± 8 

45 

± 5 
Clusters 

 

2 
90 

± 16 

9 

± 2 
Uniform 

 
 

As for the DIC analysis, Figure 4 shows the comparison between measured (points) and DIC 

simulated (continuous curve) for the deflection and slope of the beam at different time.  The 

fitting of the deflection is rather excellent along the entire beam at all time, while the rotation 

is also well captured with exception within the characteristic zone Lch close to the rotation 
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discontinuity (localized crack). Therefore, the proposed method accounts for the non-uniform 

micro-cracking distribution and the possible non-symmetric position of the localized crack in 

the estimation of the sectional moment-curvature relationship and the plastic length.  

 

Figure 4. Comparison between the experiments (points) and the simulation (continuous line) 

for the deflection and slope of beams (a, c) Vf = 1 % and (b, d) Vf = 2 % at different time. 

 

 

Figure 5. DIC analysis results for the reference beam with Vf = 1% in term of moment-

curvature (a-1) and moment rotation (a-2). Analogously, for the reference beam with Vf = 2% 

in term of moment-curvature (b-1) and moment rotation (b-2). 
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Figure 5a and 5b show the best fitting of the moment-curvature M-X relationship (up to the 

peak load) and moment-rotation M- for Vf = 1 % and Vf = 2 %, respectively. Notably, the 

result accounts for elastic unloading of the microcracks (the linear unloading of the M-X 

curvature relationship). Finally, the proposed method allows also identifying the exact crack 

localization which occurs slightly before the peak by considering the load level of the P- 

relationship [21]. 

Figure 6 shows the Lch which satisfy the Eq.(1) of the mechanisms of rotation compatibility 

[12] as evaluated by DIC analysis. Interestingly, for Vf = 1 %, Lch varies from about 50 mm to 

175 mm, which is close to 7/4 x h (Figure 6a). That is, the damage process is governed first by 

the fibre bridging mechanisms and the micro-cracks’ spacing, while later is governed by the 

structural behaviour of the cracked beam. As for Vf = 2 %, Figure 6b shows that the initial Lch 

is slightly less and close to 35-40 mm.  

 

 

Figure 6. Characteristic length identified by DIC analysis for (a) Vf = 1 % and (b) Vf = 2 %. 

 

Figure 7 shows the M-X relations estimated by simply converting the post-peak M- 

relationships (Figure 5) into an equivalent M-X relationship by means of the estimated Lch 

(Figure 6). 

Finally, the UHPFRC tensile constitutive law can be derived by the M-X relationship. The 

elastic limit of 12.6 MPa can be easily identified by the end of linearity of the load-deflection 

curve by DIC analysis. The rest of the tensile law - is then estimated by best-fitting the M-X 

relationships (Figure 7) by means of the explicit relationships between -, the neutral axis 

position and the moment [20]. After the maximum stress, the strain can be converted in 

equivalent crack opening as Lch. Figure 8 compares the so-obtained tensile law for Vf = 1 % and 

Vf = 2 % with the present method and with the one proposed by Baby et al. [18]. Interestingly, 

the proposed DIC based method predicted a softening law (i.e., post-cracking strength lower 

than the elastic limit) for Vf = 1 %, and a strain hardening law for Vf = 2 %. The comparison 

with existing method is also satisfactory.  
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Figure 7. Continuum moment-curvature relationship identified by DIC analysis for (a) 

Vf = 1 % and (b) Vf = 2 %. 

 

 

Figure 8. Comparison between the inverse analysis method and the present DIC method for 

(a) stress-strain law of Vf = 2 % and (b) stress-crack opening law for Vf = 1 % and Vf = 2 %. 

 

4. CONCLUSIONS 

This article investigates a new method based on Digital Image Correlation (DIC) to assess 

the moment-curvature of a UHPFRC by filtering structural effects, such as, the distribution of 

the multiple cracks, the position of the localized crack, and the elastic unloading. Based on the 

present results, the following conclusions can be drawn on the proposed DIC based inverse 

analysis: 
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1. The first cracking strength can be identified with accuracy from the end of linearity of the 

load-deflection curve of unnotched beams;  

2. The moment-curvature M-X as well as the moment-rotation M- can be identified in a 

physical sound manner with information on the micro-crack unloading and the exact load of 

the crack localization (which is slightly before the peak load); 

3. The characteristic length Lch is identified varying from a size which is comparable to the 

fibre length (4 times) to a final size which is a fraction of the beam height (7/4);  

4. Once the M-X is estimated, explicit formula can be employed to back-analyse the stress-

strain - tensile law of UHPFRC; 

5. The method is able to automatically distinguish softening from strain-hardening  

The present method can be easily implemented in software as an automatic procedure to 

estimate UHPFRC tensile law from bending. Further validation is on-going by considering 

different beam geometry and the combined use of steel reinforcement.  
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